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Abstract

Subtyping in first order object calculi is studied with respto the logical semantics obtained

by identifying terms that satisfy the same set of predicasgormalised through an assignment
system. It is shown that equality in the full first ordecalculus is modelled by this notion, which

on turn is included in a Morris style contextual equivalence

Introduction

Subtyping is a prominent feature of type-theoretic fouimtabf object oriented programming lan-
guages. The basic idea is expressed by subsumption: amygfieode of typed can masquerade as a
code of typeB wheneverA is a subtype o3, written A <: B.

In typed calculi, equations can be expressed between tdrthe same type; since terms may have
several types because of subsumption, it is commonly aetlithat ifa = b : A (e andb are equal in
type A) and A <: B thena = b: B (but not vice-versa): call thisquational subsumptiorin the realm
of object calculi, object types are essentially interfacesl subtyping interface restriction. Therefore
subsumption is justified by the intuition that any object ethis able to react to messages mentioned in
A a fortiori will answer correctly to messages in the smaller interfaepsesented by its supertypes.
Similarly, equational subsumption is understood on theuggdoof contexts separabilityz andb are
contextually equivalent at typd if both typeable byA and no context with a hole of typd can
separate them. This provides an interpretation of subgypih<: B should hold if any pair of terms
contextually equivalent at typ4 cannot be separated At

This is semantically understood in two ways, according dRisting literature: either by means
of coercions [12], or by inclusion of partial equivalencéatiens as in [13, 14] and [1] Ch. 14 (see
[18] Ch. 10 for a gentle introduction to these approaches}.dBercion semantics does not reflect the
actual implementation practice of object-oriented lamgasa on the other hand PER semantics is quite
complex to use for reasoning about programs, and suffengitead problems which are still open.

We propose a third approach which, in our view, can lead tonglsir logical framework for reas-
oning about object oriented programs. It is based on thesidébbgical semantics and domain logic.
In the latter perspective, the meaning of a term is deterthinethe set of the predicates it satisfies,
so that two terms are equivalent if they are are interpreyeithd same set. To account for equivalence
“at” a certain typeA we relativize this form of absolute indiscernibility to sedf predicates indexed
over types, calling thetanguages Hencea andb are logically equivalent at typd if they satisfy the
same set of predicates from the langudgeassociated tol.

We treat three kinds of entities: terms ranged over bl . . ., types ranged over by, B, ... and
predicates for which we use Greek lettets, ¢, 1, .... We define a system assigning them to each
other by means of judgements of the shapé:c. The system is built in such a way that, if we forget
about any one of these three kinds of entities, what remaissli a meaningful assignment system.
Let us consider the central rules concerning obfestsose syntax is from the-calculus in [1]:

These rules are slightly different than those in SecBidout they are equivalent to them w.r.t. admissibility.



(Val Object) : (Val Select) :

AT x: Ao bp 0By (Vie 1) Gen AT aA:(lj:o—¢) AThad:o
- €
A;F l_p [ﬂz = C(iEf‘)bl (i€ I)]ZAZ <€j!0‘j—>¢j> J A,F l_p a.ijBj Z¢
(Val Update, ) : (Val Update,) :
AT haA:c AT, y:Ar b b:Bj: ¢ _ AT haA: o) AT,y ATh 0By
J (c £Aw,jel) ! (i #J)

AT b (al; & s(y)b):A: (L m—) AT b (at; &= s(y™?)b):A: (¢:0)

If we forget about predicates we obtain the first order obgettulus calledrOb; ., in [1], but for
a minor difference (we do not useld, unfold operators in the term syntax, and consider as isomorphic
all the unfoldings of a recursive type).

If instead we erase all types, we get a sort of “intersectype’t assignment system for the untyped
¢-calculus (essentially that one used in [15] to charaaétie convergence of untypeeerms). Note
that the system has features different from the type systdsjects are treated as records, which ac-
counts for rulegVal Object) and(Val Update;) (i = 1, 2) deducing a predicat¢:c—¢) about a single
method labelled by, that can be put in conjunction (i.e. intersection) with atiyer similar predicate,
possibly with different premise of the arrow. This works &ese the meaning af (¢:0—¢) is not that
the self variable has type; rather it claims that is a precondition of the methof which yields a
valuea./ satisfying the post-condition if o holds fora (see rule(Val Select) above). Semantically
speaking, this is Kamin’s self-application interpretatiof objects, accounting for the interpretation of
self reference in case of method call and of method ovegiditventually, this produces the effect that
converging terms are characterised by predicates, whegrpas that ensure, for example, error free-
ness (no “message not understood” error can occur with tigreas at run time), cannot discriminate
diverging terms.

We claim that this kind of extended Curry-style assignmesstesn determines a model for the
untyped calculus, which is an extension of the filter modetlie pure Lambda Calculus of [11]. This
depends on the fact that a notion of implication is defined pvedicates which is writtea < 7. this
way we build a logic whose filters of formulae provide a detiotato terms, coinciding with the sets
of their properties as expressed by the logical formulage @ where this is framed as a form of Stone
duality between categories of semi-lattices and of Scatialns).

The third possibility is to forget about terms: we interpitee judgementd:o as: “the predicater
makes sense of terms of ty@é. The system derives sequents of the falnhys; A:0, whereA contains
assumptions of the shapé&o or X:o <: A; we formally defineL4 = {o | § lpr A:o}. This logic
of types, inspired to domain logic of [4], is our tool to treddject and recursive types. Consider the
rules:

(Type Object), A = [¢;:B; “ € D] : (Type Rec) :
Abtpr Aic Abpr Bj:g Gen AbruX.Aic A X:obpr Aid
S
Afer A(lyo—g) A bpr p XA

together with the rule thah k. A:w wheneverA is a (well formed) type whose free variables occur
in A. These rules formalise the concept that both object andsiweutypes are some kind of fixed
point, which is constructed starting with the trivial prealiew, and iterating the above rules by using
the structure of the type expressidn We observe that this definition of the languages of objedt an
recursive types is inductive, and that it makes sense withoy consideration about the invariance
of the object types nor (and more importantly) about thearar@ of the occurrences i of the type
variable X within the typeu X. A.

The system induces an equivalence relation b : A, which, when restricted to closed terms and
types, is: kb a:A: o if and only if s b:B: o, for all 0. Observing thatts a:A: o implies k1 A: o,
i.eo € L4, this formalises the above idea of relativizing logical s@tics to types.



To verify that this is a sound theory of the first order objeaicualus, we prove thats a < b: A
(the equational theory dfOb; .,,) implies thata ~ b : A, which in turn implies that: ~@ b, namely
thata andb cannot be separated by any contextA + C[_] : K of any ground type<. This Morris
style contextual equivalence is called thteservational equivalenda [17] and is a maximal consistent
theory of the first order object calculus.

To establish the latter results we have to relate our thebpredicates assignment to terms and
types to the theory of subtyping. First we establish that i: B thenL4 O Lp: hence the logical
theory associated td is finer than the theory oB, so that any pair of terms which are indiscernible
according ta4, are such in the coarser theory®fbut not vice-versa. This is indeed our interpretation
of equational subsumption. Since such inclusions are irergérproper, the subtyping rule of the
assignment system needs its premises; C': o:

(<o)
AT a:B:o ZHB<:C Ab:C:o
AT aC:o

(whereZ is the typing environment obtained frafnby erasing all predicates). Secondly we find that a
converse of rulé<:) also holds: ifA; Tt a:B: o andA; T t, a : A for somed such thaid - A <: B,
thenA;T' s a:A: o (Lemma3.5).

To establish the inclusion of the logical equivalence indghservational equivalence we use a real-
izability interpretation of predicates instead of typesisTis not surprising since the key property of
convergence is not captured by the type system, but onlydypitbdicate system, as remarked above.
However the logical equivalence is the theory of a model eftyiped calculus, which can be construc-
ted as a filter model. We do not enter into the details of thisstoction in the present paper, and
shortly comment on it in Section

The paper is organised as follows: in Sectibwe introduce our variant of theOb, .., system.
We define predicates, their logic and assignment to typegdticéh2. The assignment system, which
essentially puts together the typing system with the lo§redicates is defined and studied in Section
3. Basic soundness results of the assignment system witleaietip the operational semantics are
established via subject reduction and (typed) subjectresipa in Sectiort. In section5 we recall the
equational theory ofOb, .., from [1]; then we formally define the logical equivalence amdw that
the former is included in the latter. Finally in Secti®mve define the observational semantics after [17]
and prove the inclusion of the logical semantics in it. Wengéwally discuss the results presented in the
paper, and relate our work to the literature on the subjeSeiction?.

1 The first order object calculus

We consider a first order object calculus which is a varianthef calculus calledOb; .., in [1].
The difference between that version and the one we treatibénat we consider recursive types and
their unfoldings as equivalent with respect to subtypingngequently, we do not have any syntax to
distinguish among the folded and unfolded version of theestermfold( A4, a) andunfold(a), which
will be written simplya.

The calculus is introduced in two steps: we first define ppe$yd, pre-termse and pre-contexts
E by simple inductive clauses; these are then refined by mdams$yping system. Types and terms
are defined together with the type derivation system asfoeited pre-types and well-typed pre-terms
respectively.

Definition 1.1 PRe-TYPES, PRE-TERMS, PRE-CONTEXTS. Let K be a countable set of type constants
ranged over by, andX a denumerable set of type variables ranged ovekbyetlL = {/; | i € IN}



Figure 1 Contexts and Types

(Env 0) : (Type Const) :  (Env X) : (Type X) :
Elo Eko E X E'"ko
0ho (X ¢ dom(B)) o 1%
Ex K E,XKo E X,E'k X
(Type Top) :  (Type Object) : (Type Arrow) : (Type Rec) :
Ehko Ek B, (Viel) FA ERB EXEA
E 5 Top E R [:B; C€1) Ek A-B Eh uX.A

be a denumerable set of labels; {¢ta countable set of term constants ranged over lapd )V a
denumerable set of term variables ranged over:byThe syntax ofpre-types, pre-termand pre-
contextds defined by the following grammar:

Pre-Types: A,B := X | K |Top | [(;:B; € D] | A=B | uX.A
Pre-Terms:  a,b ==z | c| Azta | a(d) | [l = s(x)b; C€ D] | a.l | a.l & (z)b
Pre-Contexts: E :=(|E, X |E,X<:A|E,z:A

wherel ranges over finite subsets Ibf, and/;, ¢ € L.
The notion of free and bound occurrences of variables, dsamealubstitution, are defined as usual.

Definition 1.2 FREE AND BOUND, SuBsTITUTION. We say thatX is free in A if it does not occur
within the scope of..X; it is boundotherwise. Similarly,z is freein a if it does not occur within
the scope of som&z nor of some;(z4); it is boundotherwise. We usi/(A) andfv(a) to denote the
sets of free variables occurring #handa respectivelybv(A) andbv(a) denote the sets of the bound
variables.

By A{X «— B} anda{z < b} we denote theubstitutionof X andx by B andb in A anda respect-
ively, up to renaming of bound variables to avoid variabkeshbks.

Syntactic equality, up to the renaming of bound variabkesieinoted by=.

Definition 1.3 TERmINOLOGY. i) An object pre-termhas the shapl; = ¢(x)b; (€ 1J;
i) ing = g(mf)bi, the variablexiA is the self variable, and; is the body of the method/;; if
x; & fv(b;) thent; is more properly seen adiald;
iii) a.f denotes thénvocationof method? of the objecta, if a evaluates to an object having such a
method;
V) a.l & ¢(z?)bis theoverriding of method/ in the object to which: evaluates, if any;
v) Functional abstraction and application are represergesaal in typed\-calculi, viaAz“.a and
a(b);
vi) A pre-type of the shap@;:B; ('€ D] will be used for an object whose methotjshavereturn
typeB;;
vii) A— B is the usuafunctionaltype anduX.A is arecursivetype;
viii) Top is themaximaltype w.r.t. the subtyping relatioq:.

We will now repeat the construction of the definition of tymsignment. The notions afference
rule andderivationare as usual. As in [1], we will use a short-hand for rules, \arite for example
(wherel ={1,...,n})



E z;:Akbi:B; (Viel) E,z1:Ab1:B1 ... E,z,:Akb,: B,
- or -
Eto [t =g(z)b; C€D]: A Bty [l =c(aM)b; C€D]: A

In what follows, we will present a number of type assignmesstesms that are interdependent. In
fact, we will introduce the following systems, with the addetended meaning:

Ehko E is a well formed context (shortly a context)
Ek A A is a type within the context df;
ERk A<: B Ais asubtype oB within the context oF
EFlka:A ahastyped in the contextt;

These notions will be introduced in sequence.
Definition 1.4 PReE-CONTEXT. A pre-contextV is defined via the grammar:
E:=0|E,X|E,X<:A|E,x:A

whereX is a type variableA a pre-typex a term variable.
The domainof a pre-context¥ is the set of type and term variables occurringkinand is defined
by:
dom(®) = 0,
domFE, X)=domFE, X <: A) = domFE) U {X},
domE,z:A) = domE) U {z}.

Although pre-contexts are formally sequences, by abusetation we shall treat them as sets and
write X e FE, X <: Ae E or x:A e E to mean thatX, X <: A andx:A occur as elements of the
sequencdr respectively.

Definition 1.5 JUDGEMENTS AND SEQUENTS A type judgemerttas one of the forms, A, A <: B, or
a : A, whereA and B are pre-types and is a pre-term. Aype sequernias the form& - © whereE
is a pre-environment and is a type judgement.

Definition 1.6 THE TYPED OBJECTCALcULUS. A sequentE + © is derivablein the calculus of ob-
jects if there exists a derivation whose inferences araimtgts of the rules in figurds 2 and3, such
that £ - © appears in the bottom line.

We say thatly is acontext A is atypein the contextE’ anda aterm(of type A) in the contextr, if
ERo, ER AandE k a: A are derivable respectively.

We will write D :: E+ © whenD is a derivation whose conclusion is the sequEnt ©, and will
write E - © if there exists a derivatio® such thatD :: E - ©, i.e. this sequent is derivable.

A sequentE - © formalises the idea th@ is a consequence of the judgementdinin particular,

e if © = ¢ then the intended meaning is thatis awell-formed context

e if © = AthenA is awell-formed typewhose free type variables have been declared in the context
E;

e if © = A <: BthenAis a subtype o3 under the subtyping assumptionsfih and

e if © = a:A thena is awell-formed ternof type A under the assumption that all its free variables
have been given a type in the contéxt

From now on, when dealing with contexts, types and terms, iNle@ssume they are well formed.



Figure 2 Subtyping

(Sub Refl) : (Sub Top) : (Sub Trans) :
EFHk A EFRk A EFA<:B ERrB<:C
FEA< A Ehl A<:Top EFHA<:C
(Sub X) : (Env X<:) : (Type X<:):
E. X< AFE'ko ER A E. X< A FE"ko
! - (X ¢ dom(E)) !
EX<AE'RX<:A EX<Ahko E.X< AE'X
(Sub Object) : (Sub Arrow) :
Ew B; (Viel) e EkA<:A ERB<: B
Er B 'S < [aB 'S 7] Ek A—B<: A'=B
(Sub Recy) : (Sub Recy) :
EbpXA Eh A{X —uX. Al  EhRupX.A Ek A{X — uX.A}
Ebk pX A< A{X < uX.A} Ehk A{X —uX A} <: pX.A
(Sub Recs) :

ERuXA ERruYB EY,X<YhRA<B
ElsuX A< pY.B

Lemma 1.7 i) fE= Aand X ¢ dom(E) thenE k& A =: uX.A,
i) if ER K <: AforgroundK,thenE | A =: K,
i) if & A<:B—C then there existd’, A” suchthatt 5 A =: A’—A" andE i B <: A’ and
ERx A< C,
iv) if B+ A<:[¢;:B; ©€ 1] then there exists someD T such thatk A =: [¢;:B; U € 7)].

Proof: Immediate by inspection of rules. Observe thaEify A andX ¢ dom E) thenX ¢ fv(A);
henceFE = uX.A =: Aby (Sub Rec;), (Sub Recy), sinceA = A{X «— uX.A}inthiscase. m

Lemma 1.8TYPE GENERATION LEMMA. i) If E AthenE | ¢
i) if £, Xk B,thenX ¢ domE);
i) if £k X thenX € domE);
iv) if £ AandX € fv(A) thenX € dom(E);
v) if Es A<: BthenbothE 5 AandE = B,
vi) if B/, X <: A,E" s othenE' 5 A;
vii) if B [¢;:B; € D]thenE I+ B;forallie I;
viii) if £ A—BthenbothE' s AandE H B;
iX) if ER pX.AthenE X K A;
X) if Bk [¢;:B; € D] thenE = B;forall i € I.

Proof: Straightforward. |
The following is easy to show:

Lemma 1.9TYPED TERMS GENERATION LEMMA. i)if Etoa: AthenE 5 A;
i) if £ty a:Aandzx e fv(a) thenz € dom(E);
i) If F'ky c:C andcis a constant of some ground typg thenC = K.



Figure 3 Typed terms

(Val Const) : (Env z) : (Val z) :

Ehko ERx A E v:AE' = o
— 1" (for c of type K) —— ' (z ¢ domE)) ’ !
Erce K E Ak E z:AE' x: A
(Val Fun) : (Val Appl) : (Val Subsumption) :

E x:Aka:B Fka:A—-B Ehkb:A Fka:A E A< B

Etodzta: A-B Et a(b):B Elrya:B

In the subsequent rules, ldt= [¢;:B; € 1]
(Val Object) : (Val Select) : (Val Update) :
E,z;:Akbi:B; (Viel) Fka:A g Fra:A Ex:Akb:B;
Etollimo@)h C€N]:A  Erpal;:B; ~ E o (a.l; = c(z?)b): A

(jeJ)

iv) If E'ts 2: C then there exists ad such thatr: A occurs inE andE H A <: C.
V) If Bk [6 = o(x)b; (€ D]: C, then there existl = [¢;:B; € D] such thatE i+ A <: C and,
forallie I, A= A, andE,mi:A o b; : B;.

vi) If E'ty a.l:C then there exists asl = [...,¢:B,...] such thatE'+ A, Et B<:C and
E }_o a: A
vii) If E Io (a.f & s(zP)b):CthenE k5 D <: C and there exists adl = [..., ¢:B, .. .] such that

FrA<:D,Etya:AandE,z:D b: B.
viii) If E ko Az?.a:C, then there exist® such thatF, z:A b, a: B, andE k= A—B <: C.
iX) If E ks a(b):C,then there exisfl, B such thattl ks a: A—B, Etosb: AandE | B <: C.

Proof: By induction on the structure of derivations. ]
The following property is standard, and allows to geneeatisrivable results.

Lemma 1.10WEAKENING. i) if Elk Aand X ¢ dom(E), thenE, X = A; if also E k= C then
E. X< Ch 4
i) if ElR A<: BandX ¢ domE),thenE, X i A<: BifalsoE i CthenE, X <: C kK A<: B,
i) if Flsa: A, E Bandx € domE), thenE, z:B ks a: A.

Proof: By induction on derivations. We just remark that, e.g. inecak(i), if £ A thenF K ¢ by
Lemmal.8 so thatF, X < becauseX ¢ dom(E) is the side condition of ruléEnv X). It follows
that the derivation of¢, X i A is essentially the same as the given derivatiorkof: A, but for the
sub-derivation of the sequetit, X = ¢. In case ofE, X <: C' = A we need the hypothesig i C
because of the premise of rlEnv X <:).

The proofs of the other items are similar. |

2 Typed Predicates and Languages

In this section we will introduce the syntax of the predisa@d an assignment system to syntactically
derive judgements associating predicates to types undexstsumption of similar judgements about a
finite set of type variables.



Term properties are formalised by predicates, which in @nen classified by types. Predicates
are transparently intersection types fok-@alculus with records, and come from [15]. The essential
difference is that the set of predicates is stratified intwgleages (see [16, 9]), in such a way that
whenever a predicate can be deduced for a (closed) deitbelongs to the languagé 4 associated
with the (closed) typed.

Much in the style of [8], in this section we will present a motiof strict intersection typescalled
strict predicateshere. Using these, we will define in the next section a notfgoredicate assignment
which will consists basically of associating a predicata tgped term.

Definition 2.1 PrRebpicaTEs. The setP of predicates ranged over by, 7,... and its subsePs of
strict predicateganged over by, ¢, . . ., are defined through the grammar:

¢ = r|wl(o—9) ] ()

o, 7 = ¢| (o AT)
wherex ranges over a countable set of atoms, aadL is any (method) label.

Since is commutative and associative w.r.t. the equivalencedhiced below in Definitior2.2,
we omit brackets and writf,,_;o; for 1A ... Aoy, Also, rather thar{¢:¢1)A - - - A(L,:4,,) Where the
¢; are pair-wise distinct, we will writé/;:¢; ¢ € 1)), By definition, any predicate € P is such that
o = ;e ¢: for some non empty finité and certainp; € Ps. We shall usep, ¢ possibly with apices
and indexes for elements &%, while o, 7 € P O Ps (with similar decorations) may be strict or not.

Predicates are strict intersection types in the sense &][But for the fact that the type constant
w is no longer treated as the empty intersection, which allfwsoccurrences ofv at the right of
arrows. Also record predicatéé ¢) are added. With respect to ordinary intersection typeschvhave
been introduced by several authors in a series of paper® (ge@] for references), the occurrence of
intersectionn is not allowed at the right of an arrow; this is a technicalichand a departure from
[9], making the proof theory of the system more managealiegst allows for a more syntax directed
treatment of the assignment system, without loss in theessprity.

Atomic predicates: are intended to describe elements of atomic types in the idoafidnterpret-
ation, but they can be used also to denote subsets of suatsv@lg. the odd or even integers in the
interpretation ofint), allowing for a limited form of abstract interpretatiom.—¢ is the property of
functions sending elements satisfyiaginto elements satisfying. (¢:¢) is the property of records
having values that satisfy associated with the fieldl Predicatesv andoAT mean truth’ and ‘con-
junctiori respectively. It should be noted that arbitrary conjuetpredicates likdo— o)A (¢:1)) are
allowed by the above definition, although never derived fyrtggpe nor for any term by the assignment
systems.

To build a logic of predicates we need a notion of implicatiamitten o < 7 (read as: & implies
"), which is a reflexive and transitive relation on predicatas defined below. Also, as in [8], but
differently w.r.t. [7], we define< to becontra-variantin arrow types.

Definition 2.2 PREDICATE PREORDER The relation< over predicates is defined as the last pre-order
such that for any, 7 € P andg, ¢ € Ps:

i) o<w,

i) (oaT)isthe meet ob andr,

i) (0—w) < (w—w),

V) o0 > 7,0 <Y = (6—¢) < (1—9),

V) ¢ < = (L:p) < (L), foranyl e L.
Finally o = 7 <= o <7< 0, and we writeo < 7if o < 7ando # 7. A predicate idrivial if it is
equivalent tav.



The relation< differs from that considered in [11], in that there~w = w, whereas here we only
allow w—w < w. This is natural in the present context of lazy evaluatioherg an abstraction should
always have a conjunction of arrow predicates, hence diftefromw, even if it does not return a
result. Since strict intersection types are essentiallyesentatives of equivalence classes of type in
[11], in [8], w—w is Not a type; any term typeable by that type in [11] is typeaibily byw in [8].

Lemma 2.3 Forany,T€ P, and¢,y € Ps:
i) oistrivial if and only ifo = A;.; w for any (finite),
i) o—¢ <w—wand(l:¢) < (f:w) foranyle L,
III) 1D J, \V/j e J. qu < ¢j = <€Z¢Zlel> < <fj21[)jje‘]>.

Proof: Immediate consequences of Definitidr2 In particular, by inspection of the axioms gf it
is evident that itv # ¢ € Ps then¢ # w; hence(i) follows by the fact that = A, ¢; for some
¢; € Ps and that if eithew; # w for i = 1, 2, thenoi Ao # w for anyo;.

About (iii) we note that?;:¢;<") = \,; (¢i:¢;), and that the meet operatioris monotonic w.r.t.
<. [ ]

The first part of this lemma implies that to be a trivial predéecis decidable. The subsequent part
says thatv—w and(¢:w) are the largest non trivial predicates among arrow and dgmadicates (with
a certain labe¥l) respectively. The last part claims that, with respecktarecord predicates mirror
record subtyping in width and in depth.

Lemma 2.4 i) I& < 7—¢,thenthere ard ando;, 1; foreveryi € I, suchthat = A\, ;(oi—)
and there existg C I such that both\ ;. ; o; > 7and A\ ;¢ ;¢ < &,
i) if o < (¢;:40;7€7) then there existg D J and ¢; for everyi € I, such thatr = (¢;:4,'’) and
(bj < wj forallje J.
iii) Forall o,7, 0 <7 if and only if there areo; (i€ I),7; (j € J) such thate = A, ;0 7 =
Njes7i» and, for everyj € J, there is ani € I such thato; < 7.

Proof: By induction on the definition o£ (2.2). Note that the statements would become false with

in place of= since equatiomrArw = o trivially holds for anyo. ]
Definition 2.5 PREDICATES CONTEXTS. i) Predicate pre-contextre defined by the following gram-
mar:

Au=0|AX0o|AXo<:A

whereX is a type variableg is a predicate, and is a pre-type.
i) By A we denote the pre-context obtained fromA by erasing all predicates:

@E@
A X0 = A, X,
AXo<:A=AX< A

SetdomA) = dom(A).

iii) A predicate contexis a predicate pre-context such thatA ¢ is derivable in the system of
Figure2, which we call thepredicates to types assignment system

iv) We extend the relatior. as defined on predicates to predicate contextsby A’ if and only
if, for every X:0' € A’ or X:0/ <: A€ A’ there existsX:0 € A or X:0 <: A € A respectively,
such that < ¢’.



Figure 4 Predicates to Types Assignment System

(Env 0) : (Env X) : (Env X<:) :
2P0 (X ¢ donta)) S AT (X g dom(A), o < 1)
T — (o} (o} ,0 <
0 bpro A, X:obpro A Xo<:Abpro 7=7
(Type Const) :  (Type X) : (Type X <:) :
Abro A X0, A tpro AN Xo<: AN pro
/ " o é ¢) / 1 g S qb)
A}_F)TK:K/ A,X:U,A }_PTX:QS A,X:U<:A,A }_pTX:qb
(Type Arrow) : (Type Object), A = [¢;:B; (€ D] .
At Ao Al B Abpr Ao A}—pTBj:(b(. N
S
At A—B:o—o Abpr A:(lj:o0—¢) J
(Type Rec) : (w) : () :
Atpr pX. Ao A, X:0 bpr Aidp Abro Ak A Atbpr Aigy  (Vie I)
A l_PT MXA¢ A l_PT A:w A }_PT A/\ZEI¢Z

Definition 2.6 AsSIGNMENT OFPREDICATES TOTYPES LANGUAGES. Let A be a predicate context,
a type ando a predicate. We write\ 41 A: ¢ if this statement can be derived using the rules of
Figure2.

Given a closed typel we define théanguageof A astheseL s ={ce P | Otpr A:0}.

Notice that, in the definition of the system as in Fig@rer, 7 € P while ¢ € Ps: otherwise one
could assign to types predicates which are nd?iat all.

As it is apparent from Definitio2.6, we are essentially interested into closed types and their |
guages. The reason why we introduce contéxia the system is for a proper handling of assumptions
of predicates assigned to type variables, which may occredarsive types. This parallels the usage
of contextsE in the type system for~ .

The logical interpretation of types we are proposing is dkections of predicates, closed under
conjunction (by rule(n)) and logical implication (by the admissibility of rule<) in Lemma2.14):
that is types are seen as propositional theories.

Since predicates are properties of terms, which in turn alsgnorphic typed entities, the soundness
criterion we have in mind for the judgememso is that there exists some term of tydesatisfyingo:
this is what we mean by saying thatmakes sense of entities of tyge We observe that this is the very
departure of the present work from the endogenous logic]ofwWhile there the logical interpretation
of polymorphism is not considered (but for the limited caesoursive types), so that the logical and
denotational interpretations are pairwise disjoint fonrigomorphic types, the present construction
allows for proper inclusions and non empty intersectionkaifuages.

Example 2.7 Let A = [¢y:Int, ¢;:Int], and suppose thal, E € £t are the predicates of being odd and
even integer respectively. Then we can derige A : ({o:w—0O) as follows (by omitting some obvious
inferences):

Dhro KA
(W
}_pTA:O.) l_pTInto
tor A: (£p:w—0)

(Type Object)

10



Once this is given we can derive more complex statements like
tor A: (lp:w—0) print:0O
tor A (lp:w—E) For A: (¢1:(ly:w—0)—0)
A ot (bp:w—E, £1:({y :w—0)—0)

(Type Object)
(n)

where the derivation ofer A : (¢g:w—E) is similar to that of s A : (£g:w—0).

The predicate/y:w—E, ¢1:(¢y:w—0)—0) is satisfied by any object having at least methods la-
belled by¢, and/; (that we identify with the respective methods), whéseeturns an even number,
no matter which is the actual state of the objdé¢treturns and odd integer provided tigtdoes. This
makes sense, however, and so it is not contradictory, sireceeicond conjunct of the predicate is only
a conditional. Moreover this is essential for handling metbverriding: see Exampi8.

Concerning recursive types, consider the following deiiva

HuX.X—-X Xwhbt X:w XwhtX:w

w
ruX.X—-X 1w Xwht X=X :wow
ForuX. X—X:w—w

(Type Arrow)

(Type Rec)
From this it is then not difficult to see thav—w)—(w—w) € L, x x—x; but also the unbalanced
unfolds (on the predicate sidg@)—w)—w andw—(w—w) are inL,x. x—x, €.9.:

Xw—owhro XhKEX

Xw—whr X :w—w Xw—whr X:w

(Type Arrow)
For pX. X—X :w—w Xw—wh X=X (w—w)—w

or uX. X—X: (w—w)—w

(Type Rec)

We can naturally link derivations i1 to those ints via erasure of predicates.

Lemma 2.8ERASING. If A kpr o, thenA k o. Similarly, if A ler A : o, thenA k A.

Proof: In both cases the proof is an easy induction on the strucfudterivations. All cases are trivial,
except for when the derivation ends by rglg or (Type Rec); then the result follows by inductiom.

Lemma 2.9 i) A, X7 b1 B:o, thenX ¢ dom(A).
i) If Ag, A1 Fer B: o, such that no free type variable 8 is declared inAq, thenAy 1 B : o,

Proof. Easy. |

The next lemma states some standard propertigs-of that follow immediately from the rules in
Figure2.

Lemma 2.10TYPE PREDICATE GENERATIONLEMMA. LetD :: Akt A:o. If A = Top, theno = w;
otherwise, either = w, or:
(0 = Nicr®:i) : Then, for alli € I there existD; :: A gt A: ¢;, Sub-derivations oD;
(w#0€Ps):a) IfD:: Ak K :o,theno is atomic;
b) ifD: Ay X:othenX:r€ Aandr <o
c) ifD: Ay A:oandX € fv(A) thenX:7 € A, for somer;
d) if D :: At A—B:o then there exist, ¢ such thatc = r—¢ andD; :: A bt A: 7 and
D5 :: A bt B: ¢, sub-derivations oD;

11



e) if D :: Atpr[¢;:B; "€ 1]:0 then for somej€ I, ¢ = (¢;:7—) and there exists both
D' Abpr [6:B; C€ D] :randD” :: A bpr B; : ¢, sub-derivations oD;

f) if D:: Aty uX.A: o, thenthere existsandD’ :: A bpr uX. A:7andD” :: A, X7 bpr A o,
sub-derivations oD.

Proof: By straightforward induction on the structure of derivato ]

Although the above property is defined using the structutgpds, we can generalise the above to,
for example, the following property, which we can show is asaguence of the previous lemma:

Lemma2.11 ID :: Aty [6:B; (€ )]0 ando # w then for someJ C I, 0 = A, 0; and for
eachj there existsH; such thato; = (¢;:7,—y, "€ 1)y and Dy, = A bpr [€::B; € D)7, and
Dj, :: Abpr Bj:4hy, for all h € H;; moreover all these are sub-derivationsTof

and similarly for the other syntactic constructs.
The next lemma shows that, for object typgésandC, if ¢ is a predicate we can assign4o which
is a super-type of’, then alsar can also be assigned €&

Lemma2.12 Letl = [(;:B; (€ 1], C = [¢;:B; U€ 7] for someJ D I and suppos@\ I+ C <: A.
Then, for any, if A ket A: o, thenA b C:o.

Proof: If o = w, the thesis is trivial by ruléw). Foro # w, we reason by induction on the structure
derivations. NowA k C <: A implies that bottC' and A are well formed types undek.

By Lemma2.10(e)we know thats is (equivalent to) an intersection of record types of thepsha
(¢;:r—¢) for somei € I C J, and that bothA .+ A: 7, for somer, andA 1 B; : ¢ are derivable in
sub-derivations. Therefore, by induction, we know that, C': 7. Reconstructing the derivation as
the one forA ks A: o, we obtainA k1 C': 0. [

Lemma 2.13 Ifbot\g, A1t A: o and/AT = A, thenAg et A:o.

Proof: By induction on the structure of derivations. Since derora in the Predicates to Types As-
signment System mirror derivations in the type and subtygtem of the object calculus in almost all
cases, we focus on those rules which are not just a decowtitve type formation rules.

(w) : Obvious, since we can ugk, -+ A as the premise of the same rule.

(A) : By induction.

(Type Top) : Trivial, as the contex!\ does not play any role in this case.

(Type Object) : ThenA = [¢;:B; “ € D], ando = (¢;:7—¢) for some ;j € I, and bottAg, A; bpr A: 7
andAg, Ay ey Bj: ¢. By Lemmal.8(x) we haveA b+ B; for all i € I; by induction we have
alsoAg tpr A: 7 andAg et Bj : ¢, and we get\ ket A: (¢;:7—¢) by rule (Type Object).

(Type Arrow) : Then A = B—C,0 = 7—¢ and bothAg, A; by B:7 and Ay, Ay by C: . By
induction bothA( 1 B: 7 andAg ts1 C': ¢, henceA ko B—C': 7—¢ by rule (Type Arrow).

(Type Rec) : Then A = pX.B and bothAy, Ay bpr pX.B:7 and A, X:7 b1 B:o. By induction
Ao by pX.B:7; by Lemmal.8 (ix), No b uX.B implies/AT,X k B. Since no free type vari-
able inB is declared inA{, by Lemma2.9we obtainAg, X:7 b B: 0. Using the assumption
Ag bpr nX.B: 7, we get the desiredy b1 1. X. B : o by rule (Type Rec). ]

Lemma 2.14 The following rules are admissible:

(Relevance) : (Weak) :
AXT Nt A:o AN bro At Ao
X Z1fv(A X ¢ dom A
AN Ao (X & V(4) A,X:Tl—pTAto'( 7 doma))
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(Cut) : (Cut<:) :
A XobtB:1 AbtA:o AbtA:0 A Xo<:ChtB:71 ZHA<:C
At B{X — A}:7 AbrB{X — A}:7
()
AbrA:c Ao
At AT

Proof: By easy induction on the structure of derivations. The podefdmissibility of(Relevance) and
(Weak) parallels the arguments in LemraidlQ In the cases ofCut) and(Cut<:) we use Lemmd.6.
For rule(<), the proof is much as that for Lemn3e. ]

(e <1,A"<A)

Lemma 2.15 For any pre-contest, pre-typeuX.A, and predicater:

AbrpuX. A0 <= At A{X —uX.A}:0.

Proof: (<) : By induction on the shape of.

(A= X): thenA{X «— uX.A} = nX.A and the thesis is trivial.

(A=KorA=Y # X): (and in general ifX ¢ fv(A)) then A{X «— uX.A} = A. Since
Abpr Ao implies A, X:w b1 A: o by rule (Weak); we have als\ 1 pX.A:w by rule
(w), we deriveA k1 uX.A: o by rule (Type Rec).

(A= B—C): thenA{X « uX.A} = B{X « uX.A}—-C{X <« pX.A}: the thesis follows
by induction, according to the possible casessfgsee Lemma.10 (d).

(A= [t;:B; C€ D)) : similar,

(=) : for o = w, the thesis is trivial; ifr is an intersection, the thesis follows by induction; else, b
Lemma2.10(f) there exists such thatA e pX.A:7 and A, X:7 k1 A: 0. The thesis now
follows from rule(Cut). ]

We will now show thaths is downwards closed fot:.

Theorem 2.16 The following rule is admissible:

(:>):
AbtB:o Ak A<:B
ArltA:o
Proof: If o = w, then by Lemmad..8(v) A t+ A <: BimpliesA k+ A, andA b1 A: w is derivable by
rule (w). If o is an intersection, the result follows by induction. Othisey foro strict, we reason by
a principal induction on the derivation X A<:Banda secondary induction on the derivation of
Akt B:o.
(Sub Refl), (Sub Trans) : The first case is trivial and the second one follows by inductnd the
transitivity of <.
(Sub Top) : ThenB = Top ando = w by Lemma2.1Q As above, by Lemma.8(v) A i+ A <: B
impIiesZ H A, SOA kst A:wis derivable by ruldw).
(Sub X) : ThenA = X andA = A/, X <: B, A for someA’, A”, andA is a well-formed context.
By Lemmal.8 (vi)this impliesA’ i B. Therefore, by Lemma.13and the assumption, we have
A’ tpr B:o. Now, sinces < o, by rule (Env X<:), we haveA’, X:o <: B i ¢, and, by rule
(Type X<:), A’, X:0 <: B k7 X : 0, and the thesis follows by rul@veak).
(Sub Object) : This is an immediate consequence of Lenmrk2
(Sub Arrow) : Thend = A'—A”, B = B'—B" and bothA i+ B <: A’ andA i A” <: B”. Then
o = p—1, Aty B :pandA ket B” :4. By inductionA k1 A” :4); on the other hand, since
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Atpr A :w, SOA by A/— A" :w—p. Sincew—1) < p—1p, we getA kpr A'— A" : o by rule
(<)

(Sub Recy), (Sub Recy) : These follow by Lemma&.14and2.15

(Sub Recs) : ThenA = uX.A', B = uY.B'. By Lemma2.10 (f) there exists’ and sub-derivations
for Ay pnY.B':0' and A,Y:0' by B': 0. By secondary inductionA e uX.A:0’. Since
X ¢ domA) we haveAY:o/, X0/, X <: Y k5 o.
On the other hand, applying rul@/eak) to A, Y:o' tpr B': o givesA,Y:o', X:0/ tp1 B’ : 0. But
we know thafA, X,Y, X <: Y i A’ <: B’ is the premise of the last inference in the derivation
for A i A <: B, so by the principal inductiot\, Y:¢/, X:6” o7 A’ : 5. NowY ¢ fv(A’) (other-
wise, sinceX £ Y, Y € fv(uX.A’) so that we need” € dom(A) for deducingA tpr uX.A: 0’
by Lemma2.10 (c) which is not the case), hence, by Lemt&42.14 A, X:0' b1 A’ : 0. From
this andA 1 pX. A : o’ we concludeA Hr pX.A: 0. ]

Corollary 2.17 LANGUAGES AND SUBTYPING. If k A <: B then bothA and B are closed types, and
L4 2 Lp. Inparticular if = pX. Athenl,x 4 = EA{XH PX.A}-

Proof. That A and B are closed is an immediate consequence of Lerhirfahencel 4 andLg are
well defined. Then the first part of the thesis follows by Tle@o2.16. This implies the second part
together with the fact thaty pX.A =: A{X «— uX.A}. ]

3 The Assignment System
We now come to the definition giredicate assignmenivhere we associate predicates to typed terms.
Definition 3.1 BASES AND TERM PRE-CONTEXTS. i) A basisI' is defined inductively by:

' :=0|T,2:Ai0

wherez is a term variableA is a pre-type, and is a predicate. Thdomainof a basis is defined
by: domT', z:A:) = {z} Udom{T), andl, z:A:c = I, z: A.

i) We extend< to contexts byI" < I if and only if, for everyz:A:c’ € T” there exists:A:oc € T’
such that < ¢’.

i) A term pre-contexis a pairA;I" such thatA is a predicate pre-context ardis a basis. We
also definelomA;T) = don(A) U domT) andA; T’ = A, T’ (where the comma represents the
concatenation of the two sequences).

Definition 3.2 AssIGNMENTSYSTEM. An assignment judgemeist a triplea: A : o expressing the as-
signment of a predicate to the (pre) ternu of (pre) typeA. An assignment sequehis the shape
A;T 5 a:A: o0 whereA; T is a term pre-context.

The Assignment Systeta derive assignment sequents is defined in Figure

We say that a term pre-conte®(; I" is aterm contexif A;T" tx; ¢ is derivable in the assignment
system.

The judgement:: A:o tells at the same time thatis of type A, an that it satisfies the predicate
hence this implies thatl:o (as this is witnessed hy), which is in fact ensured by the formal system.
Sincew is the trivial predicate, the judgememtA:w is the same asg: A, i.e. a has typeA. This is why
we use by in the definition of . However we could avoid this explicit composition of systerat
the price of doubling all rules relating predicates to temd &/pe structure, adding an instance of each
such rule with all trivial predicates at the right end of tlegjgents. E.g. in the case @fal Appl) we

14



Figure 5 The Predicate Assignment System
LetA = [&Bz (i€ I)]:

(Env(): (Envz): (Val z) :
Ao AbtB:o AT'ko AT 2:Bo T ko
(x & dom(")) , (0 <)
Ao A;T,x:Biob o AT x:B:o, T b x:B 1)
(<) _
AThaB:y Ak B<:C Ahk:C:yY
AT haC:y
(Val Fun) : (Val Appl) :
AT v Aok a:B: ¢ AT’ a:A—-B:o—¢ AT bA:o
A:T b Az .a:A—B:o—¢ A;T Ha(b):B: o
(Val Object) : (w) :
AT,z Ao tp B¢ AT, 2 A b By (Vie I\j) s A;Tkhoe AT'ka:B
- S
AT [ = s(a)b; CEDA: (Lj:0—6) J AT a:B:w
(Val Update;) : (Val Select) :
AT aA:o ATy ATt b:Bj: ¢ . ATk a:A:(lj:o—¢) AT a:A:o
A (0 #w,jel)
ATk (aly & s(y?)b):A: (Uj:T—0) A alj:Bj:¢
(Val Update,) : (Al :
AT aA:(Ug:d) AT, y:Akb: B ) AT a:B:o; (Viel)
R L ke Ik # j)
ATk (aly & s(y”)b):Ax (o) AT a:B: N oi
would have:
(Val Appl w) :

ATha:A—B:w AR bA:w
A;T s a(b):B:w

The actual formulation of ruléw) avoids such verbose introductions of the trivial predicatepre-
serving its meaning of “being a typeable term”.

In the case ofVal Object) and of the(Val Update,), different formulations are reported in the In-
troduction, which are only apparently stronger of the cspomding rules in Figur®: take all the
predicates) andi to bew in the discarded parts, just to ensure typeability.

The side conditior # w of rule (Val Update, ) is decidable by(i) of Lemma2.3 It is immaterial
w.r.t. subject reduction and subject expansion Theormhand4.10respectively, in the next section.
Indeed, as far as we are concerned with these propertiee afydtem, it could be replaced by the
weaker

(Val Update) :
/A;%Fl—o a:A ATy ATrhbBj:¢
AT b (aly & s(y™Mb):A: (LT — ) UeD
This can be understood from the observation that the ruleesgps that the newly derived predicate

doesnotdepend on any predicate feat all; the only thing we need for subject reduction and egjmam
is thata is well-formed of typeA.
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On the other hand it is essential for TheorémO0to hold, as well as for the subsequent results.
These say that any (closed) tearsatisfies a non trivial predicate if and only if it is convergenamely
reduces to a value. Now the predicéfe:T—¢) is non trivial, buta.¢; < s(y4)b converges only ifu
does. Itis a remarkable fact that this is a combined effeth®type system and of the predicate sys-
tem: indeed fon./; < s(y)b to be convergent we also need thaeduces to an object term, having
a label?;. The type system ensures thatitonverges, then this will be the case; the assumption that
a:A:o for o # w implies thata actually converges, evendfis discarded in the conclusion. This will
be formally proved in sectiof.

We now formulate the link betweeh.+ and = , and i and I , which is a conservativity result.

Lemma 3.3AsSIGNMENTERASING. If A;T' lproandA;T' ks a:A: o, thenA;T' i oandA;T ky a: A.

Proof: By induction on the structure of derivations using Lema2n& ]
The following lemma linkst: and b+ .

Lemma3.4 IA;T',z:A:0tp b:B:7thenbothA bt A:ocandA by B: 7.

Proof: By straightforward induction on derivations. It is a conseace of the fact that the assignment
Ak A: o of a predicate to a type under the assumptiond ifior each judgement: A : o occurring in
a derivation is checked by the appropriate rule. |

We will now show that alsd+ is downwards closed for:.
Theorem 3.5 The following rule is admissible:
(:>): _
AThaC:0 ATHha:A AKRA<:C
ATHha:A:o

Proof: By induction on the structure of derivations i3 , using Theoren2.16. E.g. if the derivation
ends by rulgVal Fun):

AT, 2:C"i7’' b b:D )
AT 2 b:C'—D: 7' =
whereA i A<: C = C’'—D. By Lemma??(iii), A = A’—A", El; C'<: A andE 5 A” <: D.
By induction A; T, z:C":7' ks b:A” : b henceA;T ks A\z€ .b:A’— A" : 7'—1). Take anyo’ such that
Ak A':o’ andr’ < o (Which exists, and at worst is), then we get\; Tty Az€ .b:A'— A" : 6’ —1).
Sinces’—v < 7'—1), we conclude by <). ]

Lemma 3.6 The following rule is admissible:

AT 2 ATV haC:0 A A7 Ak A< A (' <)
T T
AT,z AT TV aC:o o
Proof: Easy induction on the structure of derivations. Informadigch time there is an instance of the
rule (Env x) with conclusionA; T, z: A:7, T t 2: A : 7 in the derivation forA; T, z: A:7, T b a:C' : o,
we replace it by an instance 6f:) whose premises a®; ', 2: A7/ T by 2:A: 7/, A A’ <: Aand
Aty A: 7/, where the conclusion iA; T, z: A:7/' ., T by 2:A: 7. [ ]

The essential properties of the predicate assignmentrsysige which the subsequent treatment
relies, are stated in next lemma.
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Lemma 3.7PREDICATE GENERATIONLEMMA. If D :: A;T ks a:A: o, then either.oc = w, or,
(0 = Nier®i) - Then, foralll < i < nthere existD; :: A ks a:A: ¢;, sub-derivations oD;
(c=¢ePs\{w}):a) if A;T  c:A: ¢ thencis a constant of some ground typg with A = K,
¢ =rand( tpr K : k;

b) if A;T Fp 2:4: ¢ thenA ey A: ¢ and there exists:C:o € I' such thafA I+ €' <: A ando <
b

c) if AT hp [l = (2 )b; C€D]:A: ¢ then there exists? = [¢;:B; (€ 7D)] for certain B;,
such that4; = C for all i€ I, and there exists/ C I such thatd = [¢;:B; U< )]
moreoverp = ((:7—1) wherek € J, A; T, x:C:1 b b: By : ¢, while for all i € T\ {k},
ﬁ, CCZC }_O bl : Bi;

d) if A;T b [6; = s(2')b; (€ D]:A: o then there exisC = [¢;:B; ('€ D] for someB;, such
thatA i C <: A,and, forallie I, C = A;andA;T, 2;:C t b; : Bi. Also,o = (£;:7—1);)
forsomej € I,75,¢; and AT, 2;:C:7; b bj:B; 4y,

e) if A;T ks a.l:A: ¢ then there existe’ = [...,¢:B,...] such thatA i B <: A, and 7 such
thatA;T s a:C': (¢ir—¢) and AT b a:C 2 75

f) if A;T b (a.j & (2€)b):A:0 thenA;T s C <: AandC = [¢;:B; (€ )] for certain B;,
with j € I and either:

* there arer, ¢, p # wsuchthay = (¢;:7—¢), A;T' s a:C: p, andA; T, 2:C:7 5 b:B; 1),
or
% there existp andk # j such thaip = (¢4:¢)), A;T bp a:C': ¢, andA; T, 2:C b b: By;

g) if A;T' b Az?.a:C: ¢, then there exist® such thatA = A—B <: C, and ¢ = 7—, and
AT, oAb a:B: Y,

h) if A;T ks a(b):C': ¢, then there existd, B such thatA = B <: C, and there isr such that
bothA;T'h a:A—B:7—¢andA; T b:A: 7.

Proof: By induction on the structure of derivations. We observeitihall clauses we uses instead of
=: (among types) ang (among predicates). This is possible since these are aliegtial statements
of derivability, and do not necessarily refer to sub-ddiwes of the given one: hence we can choose
types and predicates of the right form as we need. In paatidolclause(d) we havep = (¢):7—1))
instead ofp > (¢;:7—1) as one might expect. This is a consequence of the fact thgtidaes are
upward closed w.r.t< (by lemma2.14), and thate i A <: A for any A, so that ifA;T" s a:A: o and
o < tthenA;T' k a:A: 7 by (<:). Similar remarks apply to all other clauses.

[ ]

Remark 3.8 The last lemma, together with Lemma® and2.10forms the basic tool for reconstruct-
ing types and predicates in terms of the structure of theestibjamely the term. In particular Lemma
2.10applies the same technique to the “subjedtih the judgementd : o.

Their proofs are just backward readings of the derivatides;uand as such are done by very simple
induction on derivations which we omit.

All the implications in these lemmas are actually equiveéen indeed the opposite implications
follow by direct application of (possibly more than one)idation rules.

Although the relatior< is only used for variables, we can show the following lemma.

Lemma 3.9 The rule
(<):
AThaAd:c AT'Ro

N oA (e <7, A'<A T LT)
I aA:T

is admissible.
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Proof: (7€ Ps) : By induction on the structure of the derivation i I' s a:A: 0.

(Valz) : Thena = z, o € Ps, and there exists such thatl’ = TI'y,z:A:p, Ty, p < o and
A;T tpr 0. Sincel” < T, there exists: A:p’ € TV such that’ < p. Notice that then’ < T,
and by Lemma.14alsoA’; T’ tsr ¢. Then, by rule(Val z), A", TV tp 2:A: 7.

(<:): ThenA;T' k a:B:o, AFTB< A,andA ket A: o, forsomeB. We getA; TV b a: B : 7]
by induction; sincel’ C A, by WeakenmgA’ B <: A; and by Lemm&.14 A" bt A: 7,
Then, by rule(<:) we getA; T ks a:A: 7.

(Val Fun) : Theno = p—¢, a = \z?.d/, andA;T,z:A:p ks a':B: ¢ for someB. Sinces <
T€Ps, 7= p'—¢ with p/ < p,¢ < ¢, s0, by inductionA’; TV, z:A:p' tp a/:B: ¢'. Then,
by rule (Val Fun), AT/ b Ax?.a/:A—B: p'—¢'.

(Val Appl) : Thena = ajas, and there existssuch that\; " + a;: A— B : p—o andA; T' ks ag: A : p.
Sincep—o < p—r, by induction, A”;T" by a1:A— B : p—7 andA’; T s aq: A : p. Then, by
rule (Val Appl), alsoA”; T ts a(b):B: 7.

Val Object), (Val Update;) : As for rule (Val Fun).

Val Select) : As for rule (Val Appl).

Val Update, ), (Al) : By induction; for the latter, use Lemn2a4.

w) : By assumptionA’; I” ey o; sinceA’, I7 C A; T, by weakening alsd\’; I Iy a: A. Then,

by rule (w), A" TV s a: A : w.

(1 = Ajes7;) + Assume, without loss of generality, that= A, ;0;; then, by Lemma.4, for every
j € J there is an € I such thaio; < 7; € Ps. The result follows by the first part of the proof,
and applying rulgAal).

Py

4 Subject Reduction and Expansion

In this section we will show that predicate assignment anddfabove is not only preserved by reduc-
tion, but also by expansion, i.e. &;I" it a:A: 0 and we can relate to «’ via the reduction system,
then alsoA;T' s a”:A: 0.

Definition 4.1 REDUCTION. i) Evaluating contextsre term expressions with a hdle, and are
generated by the grammar:

E[] n= _| L] EL)L = c(zM)b | E[](a).

We will write £[a] for the replacement afby a in €.
i) Theone-step reduction relatioon terms is the binary relation defined by the following rules

[t = s )b ZEI)V — bzl = < i)bz‘(ie”]}
6 = o(a)b (€ D)., @b — [ = (a] M) € 1,4y = (A
(Az?.a)(b) — a{be}
a—b = Ela] — &Y

iii ) The relation— is the reflexive and transitive closure of—.

The reduction relation is essentially the same in [17]. ttiigally confluent. Even relaxing Defin-
ition 4.1 and taking the closure of— under arbitrary contexts would not destroy confluence, as it
can be shown e.g. by adapting the Martin-Lof technique fowving the Church-Rosser theorem for
the A-calculus. As for typed-calculi with recursion (e.g. PCF), typed terms do not neagly have a
normal form:Qp = [¢ = ¢(x?)z.£].¢ is typeable byB if A is any object typé/:B, .. .], and it is such
thatQp — Qp.
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In [1], Ch. 6 the operational semantics of the object calisuliefined by means of a big-step predic-
atea ~ v, whereq is a closed term, andis avalue Values are defined as follows:

Definition 4.2 VaLues. A valueis a closed pre-term belonging to the set defined by the gramma

vi=c| Xzt | [6; = ()b ).

It is easy to see that ~» v if and only if « — v. The reduction relation is more general since it is
defined for any term (possibly with free variable occurrefcé is even true that normal forms are not
necessarily values, butdfis typeable (i.e. a term), having a normal fobpthenb is value, as follows
by Theoremd.5below and the fact that closed normal forms which are notesare not typeable.

We just stress that, consistent with the definition-efn [1], in the clause:

6= o(@)b G D1l = (@) — [l = sy € 1V, 6 = o)l

arenaming of the self type of the bound variabfeinto i occurs. This is immaterial in the fragments
of the ¢-calculus without subtyping, but it is needed in the presewicrule (Val Subsumption) since

if A= [¢;:B;€], andA <: C, then we can give typ€ to any term of typed and therefore update
a method in an object of typg with ¢(z“)b; but the result of (naively) performing the update saving
the self typeC' is no longer typeable, as tlselvesf the methods now have different types, so that rule
(Val Object) will not apply.

The simply typedi-calculus is a sub-calculus of the Object Calculus: sineedhly evaluation
contexts dealing with abstraction and application havestiamet|_|(a), it is a lazy A-calculus, in the
sense of [5]. Also objects are “lazy”, in the sense that théid®of the methods are not reducible
before selection.

The following lemmas concerns properties of the Object @atcwhose proofs are straightforward
inductions on derivations.

Lemma 4.3 i) Let\;T' s a:A:o,andl” = {x:A:i7 €T | z € fv(a)}, thenA;TV b a: A o,
i) if A;T s a:A:o,andzx € fv(a), thenz € domT).

Proof: Easy. ]

Lemma 4.4SUBSTITUTION LEMMAFOR to . If E,2:Ay b: BandE ty a: AthenE k b{z < a}: B.

Proof: By induction on the structure of derivations using Lemin@ The proof is similar to that of
Lemma4.6. ]

Using Lemmad.4, we can prove the following theorem:

Theorem 4.5 SUBJECTREDUCTIONFOR y . If Bty a: Aanda — b, thenE p b: A.
Proof: The proof is similar to that of Theoresh7 and simpler, by induction on the definition of—
and using Lemma.o9. |

In the remaining part of this section we show that predicatéggament is closed for reduction and
expansion. First we establish a substitution lemma.

Lemma 4.6SUBSTITUTION LEMMAFOR tp . If A;T z:Aio b b:B:7andA;T' s a:A: o, then
AT b{r—a}:B:T.

Proof: By straightforward induction on the structure of derivagpof which we show only the inter-
esting cases; the others follow by easy induction.
(Val z) : Then either:
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(b=z): Theno < 7. Sincez{z < a} = a, the result follows from the second assumption and
Lemma3.9
(b=y+#x): Sincey{zr«— a} = y, andA;T",z:A:0 b y:B: 7, by Lemma4.3(i) we obtain
AT Hhy:B:T.
(w) : ThenA;T, z:A by b: B. Since by Lemma.4, A;T b, b{z < a} : B, we can apply ruléw) to
getA;I' b b{x «—a}:B:w.
(Al) : Thent = A, m,and, forie I, A;T, 2:A:o bp b:B : 7;. ThenA;T' b b{x < a}:B : 7; follows
by induction, and, by rulgnl), A;T' ks b{x — a}:B: \,c;7i- |

We use this lemma to show the following result.

Theorem 4.7 SUBJECTREDUCTIONFOR I . If A;T'h a:A: o, anda — d/, thenA;T' k a’:A: 0.

Proof: By induction on the length of the reduction sequence, of tviie only show the base case,
which is by definition on the reduction relation— . First we deal withv # o € Ps.

(AzP.a)(b) —> a{z < b}) : by Lemma3.7, there exist3, C, E, T such that bott\ I+ B <: A and
A k D—E <: C—B, and such that bott\;I", z:D:7 t a:F: ¢, and A;T' ks b:C : 7. Notice
thatC <: D, so alsoA; T k4 b: D : ; the result then follows from Lemm&6 and rule(<:).

(16 = o(a)b; C€ D)ty — bi{a; — [0 = o(x)b; € D]}) : as the previous part.

([¢; = g(mlpi)bi (i€ I)].Ej &= ¢(z9)b — [; = g(xzpi)biie I\j,ﬁj =¢(z%)b]) : by Lemma3.7,j € I,
Ak C<: AandC = [¢;:C; (€ D] and either:

— there arer, 1, p # wsuchthat = (£;:7—1), and both (LA; T ks [4; = o(x2%)b; € D]:C - p,
and (2)A; T, z;:C:7 FP,Q&YJ :7p. Then from (1), by Lemma.9, we hav/et=hat there exigt =
[0;:E; @€ D] such thatA;T v E <: C, and, for alli € I, E = D; andA; T, z:E by b; : E;.
Notice that, by Lemma&.6, sinceE’ <: C' we also have\; I', z;: E:7; tp bj:E; : ;. Then the
result follows by rulegVal Object)

ATz Er b biiEjip AT Bl bt By (Yie I\j)
AT [ = g(:ﬂ?i)bii € I\j,fj = (2O E : (€;:7—1b)

(Jel)

and(<:), sinceE <: C <: A.

— 0 = (£;:¢), for somej € I, and we have both (I\; Tt [¢; = s(2”)b; (€ ]:C: 0, and
2) A;T,2:C R b:Cy, for somej # ke I. From (1), by Lemma.7, there existE =
[0;:E; (€ D] suchthafA;T i E <: C andE = D; andA; T, 2;:E b b; : E; for all i € I\ j,
and there exists, ¢ such thatp = 7—, andA; I, zy:E:7 b b: Ey, : . Also, from (2), we
get by Lemma2.16and(<:) thatA; T, z:E ko b: E;.

Then the result follows by rule@/al Object)

AL o Er b bEg iy AT apEl bt By (VieI\k,j) AT, 2:Ekb:E;j
AT [ = (aP)bi € TN 0 = (2P0 B2 (£j:7—1b)

(Gel)

and(<:), sinceE <: C' <: A.
(a — b = €&[a] — £[b]) : By induction on the structure of evaluating contexts.

Foro = w, the result follows from Lemma.3, Theorem4.5and rule(w). Foro = A, ;0;, the result
follows by the strict case, and rufel). ]

Example 4.8 To better appreciate the importance of this standard restite present setting, let us
look at the following example.

Suppose thatl = [/:Int, ¢;:Int] as in Example2.7, where the predicates ii 4 to be used below
have been derived. Moreover let= [¢y = ¢(z?)1,4; = ¢(x?)z.4o] (using a constant of type Int),
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so that we have, a: A is derivable in the Object Calculus. Then (omitting the olngi parts):

(w)
(Val Select)

x:A:(lp:w—0) bp 2:A: (lp:w—0)  :A:(ly:w—0) bp 2:A:w
z:Aw bp 1:Int: O x:A:{ly:w—0O) bp x.lp:Int: O
o a:A: (lo:w—0, £1:{ly:w—0O)—0)

(Val Object, Al)

where/, is a field,/; is the methodget /y, and we are assuming thatc L is the predicate of
being an odd integer. Using rul@gal Update, ), (Val Update,) and(Al) one can derive (the seemingly
incorrect):

\ /

b a:A:(by:w—0, l1:(ly:w—0)—0) yrAw b 2:Int: E
b (a.ly = (y™)2):A: (lo:w—E, £1:({y:w—0)—0)

(Val Update;, i = 1,2, Al)

whereE € L is the predicate of being an even integer. This makes sens&\ver, since it simply
states that if the value & is an odd integer, then the methédwill return an odd integer; it also states
that this is vacuously true of the actual object, < (y*)2, since it has an even integer @t As
a consequence of Theorehi we also know that this is harmless: indeedly < (y*)2).0; —— 2
and we clearly assume thgt2:Int:0, so by contrapositiol (a.fy < <(y*)2).¢1:Int:0. As a matter of
fact, rule {al Select) is not applicable, sincg (a.fy & <(y*)2):A:(¢y:w—0).

On the other hand, the following odd-looking assignmeneggl as well:

x:A:{lg:w—E) bp 2: A (lg:w—E) x:A:{lgw—E) bp A w
z:A:w b L:Int: O x:A:(ly:w—E) bp (x.0p):Int: E
ato A:{ly:w—0,l:(ly:w—E)—E)

(Val Select)

(Val Object, Al)

In the last case, however, the apparently wrong predicatdedace is of use to conclude as before:

\ /

b a:A: (ly:w—0, l1:(ly:w—E)—E) y:Aw bp 2:Int: E
(a.ly &= <(y™)2) ko A: (lo:w—E, £1:(ly:w—E)—E)

(Val Update,, i = 1,2, Al)

which is what we expected.

We now come to the proof that predicate assignment is clasesubject expansion as well. With
respect to the subject reduction property there is an asymmence the expansion property does
not hold, in general, in . It might seem to be contradictory w.r.t. the conservatigstablished in
Lemma3.3, but it is not: remember that we assign predicates to typetins, while the property
which we are going to establish concerns the predicatesnainthe types. Therefore, we do not just
assume that’ — «, rather also that both have the same tyhjeand show that for any predicate
such thata: A:0 can be derived in a suitable context, aléod:o can be derived in the same context.
This could be called &yped subject expansiq@roperty.

We need the following lemma.

Lemma 4.9EXPANSION LEMMA FOR tp . AsSume\;T' b b{z «— a}:B:7,and bothA; T, z: Aty b: B
andA;I' iy a: A for someA. Then there exist such thatA; ", z:A:oc b b:B:7and A; T a:A:o.

Proof: By induction on the structure of terms; we only show somerégsting cases. LeB =
[0;:B; *€ D], and assume # 7 € Ps.
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(b=z): Sincex{z«—a} = a, we getA;T  a:B: 7. FromA; T, z:A by x: B, by Lemma3.7, we
getA <: B. Then, fromA; Tk, a: A andA <: B, by TheorenB.5, we getA; ' ks a:A : 7. Take
o = T, then also by rul¢<:), we haveA;I", z:A:7 b x:B: 7.

(b=y #x): Sincey{zx —a} =y, weget\;T' y:B:7,and, by Lemmd.3 A;T, z:A:w b y:B: 7.
Notice that, from the fact thah; T’ I—o a: A, we get, by rulgw), A;T b a: A w.

(b=cl=c(y9)d) : If A;T Fp (c.l = s(y©)d){z a}:B: T then, by the definition of substitution,
AT b ez all &<y )d{xHa}B 7. FromA; T, 2:A b el = ¢(y©)d: B, by Lemma
1.9we have bothﬁ I'z:Atsce: B andA I'x:Aty d: D, for someD.

Also by LemmaB.7, A i+ C <: BandC = [Z :C; W€ D] with j € T and either:

— 7= (lj:7'—1), and we havé\; ' b c{z «— a}:C: pandA; T, z:C:p bp d{x — a}:D: 1), for
somep, i, 7’,%. By induction,A; T, z:A:01 b ¢:C: v @andA; T by a:D : o1 for someo;.

— 7 = ({j:¢), and bothA;T'tp c{z — a}:C:7 and A; T, 2:C:pu bp d{x < a}:D :4) for some
¢,. By induction, there exists, such thatA;T", z: A:o9 b d:C: v @andA;T' ks a:D : 09.

In either case, take = o109, then, by either rul¢val Update, ) or (Val Update,), by Lemma4.3

we getA; T, z: Ao bp (el & (y©)d):B: 7 and by rule(al), A;T' tp a: A : o, and the result fol-

lows from rule(<:).

(b=c(d): If A;T s c{z—a}(d{xr—a}):B:7, and, by Lemma3.7 there existsp, C, A <: B
such thatA;I' by cf{z <+ a}:C—A:p—7 and A;T' bp d{z <+ a}:C:0. From the assumption
A I z:Abs e(d): B, by Lemmal.9, A I'Ne:Ak c: C—>AandA I'z:Aly d:C. Then, by
mductlon, there exists, o5 such tha’rA, I'z:A:o1 bp c:C—A: p—7andA; T a:A:0q, and
AT, x:Aiog b d:C:p and A;T' b a:A:oy. Then by Lemmad.3 and rule(Val Appl) we get
AT x:Aioy Aoy b o(d): A7 and by rule(Al), A; T ks a:A:o1A09. [

Theorem 4.10 SUBJECTEXPANSION FOR t» . If A:T'Fp a:A: 7, andd’ is such thatA;:T' i o' : A and
a — a,thenA;T s a':A:T.

Proof: By induction on the length of the reduction sequence, of witie only show the base case,
which is by definition on the reduction relation— . Most cases depend straightforwardly on Len#h&a
we show one case that does not. First we deal with a € Ps.

(i) ¢ [l = s(a] )i G €Dty = o(§)bj — [l = s(a])bs" € 1V, 45 = <(y©)b). If

AT b [l = s()bi' € TV 4 = s(y©)b: A7

then, by Lemma3.7, there existD = [¢;:D; (1€ D] such thafA i D <: A, D = C, and for all
i€ I, B; =D. Theno = ({x:7—1)) forsomer,y, k € I,and, foralki € I\j, A, T, z;:D ks b; : D;,
andA,T',y:D ks b: D;. By Lemmal.9, the assumption

AT ko [ = g(zP)b; O € I)].fj = ¢(yP):A

givesD <: A, andA;T o [6; = ¢(zP)b; “€ D] D, and for alli € I, A;T, z;:D ko b; : D;, S0,
in particular,A; T, z;:D ko b; : D;.
If j =k andh # j, we can now construct:
AT o Diw b bp:Dpiw AT 2D b Dy (Vie I\ {h})
AT [ = o(zP))b; (€ DD (), :w0—w)

(Val Object)

from which, using rulgVal Update, ):

A T }_p [gz §( l)bl (i€ I)];D . <€h:w—>u)> A;P7.%'jIDZT l_p b]Dj : 1/}
o ([6 = (= Z‘Di)bz‘ (e I)]-fj & (yP)b):D: (LT —)

(Val Update,)
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Figure 6 The Equational Theory of Objects

(Eval Beta) : (Eq Subsumption) : (Eq Top) :
EtoAxb:A—=B Flya:A FEka—d:A EkA<:B FEkaA ElRb:B
E = (\zb)(a) < b{z—a}: B Ebka—d:B Eta«<b:Top

(Eval Select) wherel N .J =0, A = [(;:B; €], A’ = [(;:B; €1Y7), a = [4; = (z")b; 1]
Ftya: A
FE l_T a.ﬁj <~ bj{.%'j Al a} : Bj

(jel

(Eval Update) wherel N.J = 0, A = [¢;:B; 1], A" = [¢;:B; "€, a = [6; = o(x)b; €]
Fhka:A E,2:Ab:B;

/ ! ; . ] e J
Ekalj = (@b [0 = o(zV)b, 4; = (z)b; (€ TUAINTY . A e
(Abs Cong) : (App Cong) :
ExARb—b:B Eka—d:A-B Ekb—b:A
Er Axdb o et A-B Etra(d) —d):B
(Object Cong) A = [¢;:B; *€1] (Sel Cong) A = [¢;:B; €1],ie I :
E,x;:AR b« b :B; (Viel) Eka—d: A
Eh [l = o(@)bi "' o [t = o(af )b, <1 A Eh ad; < d4;: B;

(Update Cong) A = [¢;:B; €1],j € I :
Elka—d: A E,x:AI—Tb<—>b':Bj
Ek at; & (@M d by =z : A

If insteadj # k, we use rulgVal Update,):
AT xp: Dt s by:Dj i) AT 2D R b2 Dy (Vie I\k)
AT [ = g(:clpi)bi CEDLD : (b:m—1) AT, y:D s b: D,
AT b ([ = s(@P)b; CE D)0 = o(yP)b):D - (U:m—1h)

(Val Update,)

and the result follows by applying rule<:).
For 7 = w, the result follows from Lemma&.3 Theorem4.5and rule(w). ForT = A,.;7 (n > 0),
the proof follows by easy induction. ]

5 The Logical Equivalence

In [1] an equational theory of the object calculus is presémvhose first order sub-theory is generated
by the rules of Figuré (omitting the term folding-unfolding rules, which do not keasense for the
Object Calculus we consider here).
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Definition 5.1 THE EQUATIONAL THEORY OFOBJECTS TheEquational Theory of Objecis a theory
of equations of the shape— b : A, wherea andb are pre-terms and is a pre-type; these are derived
as the right =-hand side of sequeiiss a < b : A, whereFE is a (pre)-context of the Object Calculus.
The rules are given in Figui® plus the obvious rules for reflexivity, symmetry and tréwgy of <.

Remark 5.2 Such a notion of equality includes (typed) convertibilég,it is clear from rule§Eval Beta),
(Eq Select) and (Eq Update), but it does not coincide with it: in fact>’ is a congruence whereas
‘ — "is not closed under arbitrary contexts; more importantiis is a consequence of subtyping and
precisely of rulgEq Sub Object) (see Exampl®.4).

The assignment system of DefinitiBrRinduces a logical notion of equivalence, according to which
a andb are equal a#l if they can be assigned the same set of predicatesh thatd:o. More precisely,
and taking into account contexts and their extensions iage$, we can formalise this idea as follows:

Definition 5.3 LoGIcAL EQUIVALENCE. Let a be any pre-term; we definB(FE,a, A) as the set of
predicates of typel that can be assigned tovhenE + a: A:

P(E,a,A) ={c |IANT[A,T=FE & A;Tha:A:o] }.

We then say that the pre-termasand b are logically equivalentat A and contextE if they can be
assigned the same set of predicates of typeith respect tak:

a~pb: A< P(E,a A =P(E,bA).

Example 5.4 As in Example4.8, let A = [(y:Int, ¢1:Int], anda = [y = <(z{)1, 61 = ¢(x1)x.Lp)].
Further consider:
b= [0y = ¢(x)1, 0, = ¢(a)1].

In [1], Section 7.6.2 it is argued that they cannot be equated Indeed, they are not logically equival-
ent atA since, if we assume thatis the predicate expressing the property of “being the nurbheso
1€ Lipt, andA; b 1:Int: 1, thenA; ks b:A: (f:w — 1) but At a:A:(¢1:w — 1). Indeed (omitting
again theA’s and all those parts of the derivation justifying the assignt of the predicate to a type):

z1:Aw b Lint: 1
ko b: A (0:w—1)

(Val Object)

Replacingb by a would not yield a valid derivation. The best we can do in theecafa is instead:

x1:A:(lp:w—1) b x1: A (lg:w—1) x1:A:(lp:w—1) b x1: A w
x1:A:(lg:w—1) by z1.0p:Int: 1
o a:A: (01:(lp:w—1)—1)

(Val Select)

(Val Object)

To express this in natural language, what we have proveraighi value ob on calling method'; is
1, and that this is a “field”, in that it does not depend on othatpofb; on the other hand, fas the
value returned by, depends on the actual valuedgf the predicate/;:(¢y:w—1)—1) expresses this.
However, in [1] paragraph 8.4.2 it is observed that the étyuak a < b : [¢y:Int] is derivable since
both
b [lo = s(zB)1] < a: [fo:Int] and b5 [£y = <(z5)1] < b : [4p:Int]

can be obtained by ruléEq Sub Object); this clearly shows that—’ is not convertibility, sincea, b
and[/y = ¢(z¥)1] are distinct normal forms and the reduction is confluent.
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In our setting, we can show that~ b : [¢y:Int] as well, and this is the effect of restricting to the
language’, |ny: in fact the only non-trivial predicates ify, |ny that we can derive for eitheror b
are(¢y:w—1) (or greater than this w.r.&).

We relate here logical equivalence to the equational thebtlye Object Calculus.

Lemmab5.5 Logic equivalence is a congruence; more precisely
a~ppd A& brg,apl:B = bla—a}l ~ppbt{z—d}: B

Proof: This is just a rephrasing of the substitution property stittd_emma4.6. ]

We want to establish that equality in the Object Calculusliesgdogical equivalence, proving that
what we have seen in the Exam@e! actually holds in general. Corollag.17 s a first evidence of
the consistency of the predicate assignment system wigleceto the subtyping relation. Itis however
not enough, and we need Lem3&.

Theorem 5.6 If E a < b: Athena ~g b: A.

Proof: The proof is by induction on the derivation &f a < b : A. In case the derivation ends by
any rule amondEval Beta), (Eval Select) and (Eval Update) the thesis follows by Theoren#s7 and
4.10 Those cases in which the derivation ends by rules thatledtahe congruence properties ©f,
namely (Abs Cong), (App Cong), (Object Cong), (Sel Cong) and (Update Cong), the result follows
from Lemmab.5. If the last rule is(Eq Top) then A = Top and we observe that, by Lemn2alQ
P(E,a,Top) andP(E, b, Top) contain exactly all predicates equivalenttpso they coincide.

The case remains in which the derivation ends by (Bt Subsumption):

Fha—b:A EKA<:B
Eka—b:B

Let r € P(E,a,B): then A;T' ks a:B: 7 for someA; T such thatA;T' = E. Since the premise
Ehl a<b: Aimpliesthat bothE + a: AandFE k b: A are derivable andl 5 A <: B implies that
A A<: B, Lemma3.5 applies, so thai\;T' k a:A: 7 is derivable, sor € P(E,a, A). Also, by
induction, P(E,a, A) = P(E,b, A), that isA";T" I b:A: 7 is derivable for certaiml\’;I” such that
AT = E. ThenA';T" b b:B : 7 follows by rule(<:), that ist € P(E, b, B) as desired.

[ |

6 Logical Equivalence and Observational Semantics

Observational semantics for the first order calculus has lbeéined in [17] in Morris-style, called
there “contextual equivalence”. It consistsin§eparabilityby means of contexts of ground type. In
the same paper it has been shown that this coincides withi@nnaoft bi-simulation which is stronger
than ‘—’. We will adopt a slightly more general definition here.

We claim that, when restricted to closed terms, logical wjance is included in observational
equivalence. To this aim we will establish a computatiorddcuacy result for the logical semantics
w.r.t. convergence, which states that any well-typed temmle assigned a non-trivial predicate if and
only if it converges to a value. This is achieved by means efdizability interpretation of predicates,
proving that the characterisation results of [15] are praexkin the typed context of the first order
object calculus.

Definition 6.1 CoNVERGENCE Given any closed term“ we say that itconvergesto the valuev,
writtena |} v, if « — v. Moreover we say that? is convergent, writtem | , if there exists a value
such that |} v.
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We will write _:A o C[-]: B to express that the closed conteXt_| is typed with B, under the
assumption that the “holé has typeA; C|[a] is the result of replacing.* by a in C[_].

Definition 6.2 OBSERVATIONAL EQUIVALENCE. Two closed terms andb are calledobservationally
equivalent at typed, writtena ~@ b, if both ¢4 andb*, and

VC[_]- :AFCLL] : K = (Cla] v < C[b] | v).
for any ground type< and valuev of type K.

Remark 6.3 ) Typeable values can always be assigned non-trivial pagesc
i) Definition 6.2differs from the definition of contextual equivalence inJirYsome respect. First,
we consider contexts of any ground type as an “experimentiremver, we do not consider
reduction rules for constants as “if then else”; as a conmacgiwe cannot discriminate between
different constants liktrue andfalse It is for that reason that we use in the above definition and
in Theorem6.12the predicate: || v instead ofa || .

In the following we will write a# for a closed termu of a closed typed, i.e such that) i a: A
(abbreviated byt a: A). In the next definition, the set of labels df is defined as:Labell4) =
{¢; | i€ I} only for A = [¢;:4; € D]; itis empty in all other cases. #* for some object typed,
¢; € LabelA) anda | [¢; = s(z{)b; ( € D], thena.£(c) abbreviate$; {z; « c}, for anyc”.

Definition 6.4 REALIZABILITY INTERPRETATION Therealizability interpretationof the predicater is
a set((0)) of closed terms defined by induction on the structure of jpeeds as follows:
(w)) = {a? | Ais aclosed typg
ont)) = (o) N (7)),
{a¥ |ke Lk & | pv:K:k & alv]},
0—¢) ={a?"P [ 3,0 [a | (atb) & Ve € (o) [b{z—ch e (o) 1]},
)

w)) = {a? | £ € LabelA) & a |}
:0—y))) = {a® | L€ Labe(A) & a | & Vet € (o) [al(c) € (¥) ]},
(1)) = 0.

The clause(((¢:(¢:1))))) = 0 is consistent with the fact thdt:(¢:¢))) cannot be assigned to any
(well typed) term.

Lemma6.5 I # w (i.e. itis non trivial), then any,* € ((¢)) converges.

Proof: By induction on the definition of(o)). ]

Lemma 6.6 It € (o)) then for anyv® if & —— b or b — a thend? € (o).

Proof: By induction on the length of the reduction sequence, of iwiie only show the proof for the
relation — . This is proven by induction on the definition of reductiorddry cases ow, of which
we show one case:
(a = (M\z%ad’)a” ando = 7—1)) : then(\z%a’)a” || v for somev (an abstraction) with certain prop-
erties; but this is true if and only # = o’{z < a"} |} v, since the reduction is deterministic:
henceb € (7—¢)) if and only ifa € (T—¢)). u

Lemma 6.7 It < 7then((o)) C (7).

Proof: By easy induction on the definition &f using Lemm&2.4. E.g. supposél:o—¢) < (L:7—1))
because < o and¢ < . By Definition6.4, for anya” € (((¢:0—¢))) we haveu |} and/ € Label( A);
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suppose that? € ((7)): by inductionc? € ((¢)), so that by hypothesis/(c) € ((¢)). The thesis follows
since((¢)) C ((v)) again by induction. |

Leta{z; < b;} ;<) abbreviate the simultaneous substitutiorbpfor z; ina forall 1 < j <k, and
similarly A{X; < B;};<p, substituting eacl3; for X; in Aforall1 <i < k.

Definition 6.8 CoOMPATIBLE SUBSTITUTIONS. AssumeA;T' ks a:A:o0, whereA = Jy,...,J, and
each judgement; either isX;:0; or X;:0; <: D;, andl’ = z1:Cy:7q, ..., z5:Cr:7. We say that the
simultaneous substitutiodsX; < B; },<;, and{z; <= b; } ;<) arecompatiblewith A; I"if: Ak B; <: D;
(in caseX;:0; <: D;e A),and k B;:o; forall 1 < i < h, and b b;:C;{X; < B;}i<p : 7; for all
1<j<k.

In the above definition, iA;T" s a:A: o is derivable therfv(A) U fv(a) € domA) U dom(T):
hence compatible substitutions are closingnd A if they replace all free variable occurrences by
closed types and terms. We will call such a substituti@oaingsubstitution.

Lemma 6.9 Assume that the closing substitutiphis — B;};<;, and {z; < b;} ;<) are compatible
with A; T, then:

if A;T tpa:A:othents a{zj —b;}j<p:A{X;— Bi}i<p:0
Proof: By Lemma2.14and Lemma}.6. ]
Theorem 6.10 REALIZABILITY THEOREM. LetA;T' ks a:A:o; assume that the closing substitutions

{Xi — B;}ich, and {x; < b;} ;<) are compatible withA;T". If b;%i € ((7;)) whenever;:Cj:r; € T,
thena'?’ € (o)), wherea' = a{zj < bj}j<k, C; = Ci{X; < Bi}icp and A" = A{X; < Bi}i<h.
Proof: We write a) for a{z; < b;},<; and A’ = A© for A{X; «— B;};<;. The proof proceeds by
induction on the derivation fo\;T" s a: A : 0. The casédVal z) is trivial; the casé <:) follows by the
induction hypothesis and Lemngar. For the remaining cases:

(Val Fun) : the last inference is an instance of the rule:

AL, z:Aic b a:B: ¢
ATk Az .a:A—B:o—¢

(Az4.a)9 is a value, hence it converges trivially. Singgd are compatible wit\; T, given any

b4 € (o)) (whereA’ = A®), the substitutions)[z := b] (which is the same a$but for its value

onz which isb) and® are compatible with\; I", z: A:o. Then, by inductiorud |z := b] € ((¢)),

and we conclude from(A\z*.a)9)b — ad[z := b], Lemma6.6 and the arbitrary choice &f"".
(Val Appl) : the last inference is an instance of the rule:

AT a:A—B:o—¢ AT hbA:o
AT ab:B: o

By inductionav € (c—¢)) so thatat) |} (Az*.d) for some closed abstraction:*.d; moreover
by € ((0)) by induction, hencé|x := b] € ((¢)), and we conclude by Lemn&6 and

(ab)9 = (a¥)(bY) == (Az™.d)(b9) — d[z := bY).
(Val Object) : the last inference is an instance of the rule:

AT zj: Ao e b:Bj: ¢ AT At b By (Vie I\ {j})
ATk [ = s(a)b; CE DA (Uj:0—0)

(Gel)
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Now a = [¢; = s(x)b; “€ D)) is an object term, whose closure is a value: heng¢d). That
¢; € Label(A) is a side condition of the rule. For ady!’ € (o)) we have that[z; := d], and©
are compatible with\;I", z;: A:0 and
i Lj(d) = b(V[z; = d]) € (¢5))
by induction.
(Val Select) : the last inference is an instance of the rule:
ATk a:A:(lj:o—¢) AThaA:o
AT aly:Bj:¢

By inductiona®) |} v, for some value, £; € Label A) anda?.f;(d) € (¢)) for anyd?’ € ((o));
sincea?) € ((0)) (by induction again) we have thate (o)) by Lemma6.6 so that:

(a.l;)9 == av.t;(v) € (9)),

and we conclude again by Lemrab.
(Val Update, ) : the last inference has the shape:

AT aA:r AL yAicb:Bj: ¢
AT b (aby & s(yMb):A: (U:0—¢)

(¢; € LabelA), T # w)

By inductionav € ((7)); sincer # w this implies thatz9 |} and that/; € Label(A), therefore
(a.l; = <(y™)b)0 || as well. Given anyl’ € [o], 9]y := dJ, © is compatible withA; T', y: A:0,
so that we conclude by induction

(a.l; <= <(y™)p)0.t;(d) = by := d] € (9))-
(Val Update,) : the last inference has the form:
AT atA: (i) AT, y:Als b:B;
AT b (0.l = s(yh)b):A: (¢5:9)

#7J)

By induction we know that) € [(¢;:¢)], which implies thaty |}: hence(a.l; < s(y*)b)d |.
It remains to show thata.¢; < ¢(y*)b)d € (((¢;:4))) according to the shapes ¢f The case
in which ¢ = w is already proved by the fact that.¢; < (y*)b)9 |J. The casep = (£:))
is impossible, sincg¢a.l(; & s(y*)b)v is well-typed because of the compatibility 6f and no
well-typed term might be assigned a predicate of that shafeeare left with the case = 7—:
then, since # j, we have thata.f; & ¢(y)b)d.4;(d) = a9.4;(d) is in (v)) whend?' € (1))
by the inductive hypothesis. |

Corollary 6.11 CHARACTERISATION OF CONVERGENCE Let a” be any closed term: them | if and
only if I+ a:A: o for some non-triviab.

Proof: As noted in(i) of Remark6.3typeable valuey can be assigned non-trivial predicates, so that
a || v implies that the same predicates can be derived:fbecause of Theore®.1Q on the other
hand a straightforward induction on the structurer shows that itr is non trivial, then any? € (o))
converges: by this and TheorerilOwe conclude. |

Theorem 6.12 LoGICAL EQUIVALENCE AND OBSERVATIONAL EQUIVALENCE. Suppose that for any value
v of ground typeK we have exactly a non-trivial predicate, € L, that this predicates are distinct
for different values and thats v: K : &, is assumed for each. Then for anye andb?, if a ~ b : A
thena ~9 b.
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Proof: Let_ : A + C[.] : K be any context of ground typ& such thatC[a] |} v for some value
v. By the hypothesis thatp v:K : ,, and Theorens.1Q we havex,, € P (0, Cla], K). On the other
handa ~ b : AimpliesC[a] ~ CIb] : K, since logical equivalence is a congruence by LerbrBaand
thereforer, € P(0, C[b], K), that is s C[b]:K : k,. By Corollary6.11it follows that C[b] || v for
somev’, whencets v": K : k,, by Theorem4.7. From the hypothesis thdt is a ground type and that
K, iS a characteristic predicate of we conclude’’ = v. ]

By using bi-simulation and its coincidence with observadibequivalence, in [17] it is shown that,
takinga andb as in exampl&.4, a 251:”“:] b. This is intuitively clear: the only way to separatérom
b is to change the value df), since then the fact that/; depends on such a value whil¢; does not,
becomes apparent; but the overriding/g@fs inhibited in contexts with the hole of tygé, :Int], where
{y is hidden.

It is not true, however, that ~ b : [¢1:Int], because the predicaté,:w—1) is in Ly, |ng, it is
derivable forb even at type/; :Int] but cannot be derived far at any type.

Language inclusion alone is not sufficient to account fotyguibhg of object types, while it is for
record types (see [16]): this is the essential reason foptesence of ruléval Select) in our system.
It is reasonable to think that the failure of equivalencke di ~ b : [¢1:Int] from Example5.4 depends
on the fact that no rule accounts for the hiding effect of gpioty in the case of object types. One
possibility for coping with such a limitation is the follong rule:

INnJ= @, A= [ngz ZEIUJ], A = [&Bz iGJ] :
AT b a:A: (G0 SDOAT—p) AT a:A: (0 D) Ay A2 (Gr—p)
AT by a: A" (07— p)

This rule formalises the idea that wheh<: A’ and A and A’ are object types, the methods of any
object of typeA not mentioned inA’ are hidden: therefore if satisfies the premise of any arrow
predicate concerning the hidden part, this will never cleaingcontexts of typed’, in such a way that
the latter premise can be discharged. Clearly, with refarén Examplé.4, by this rule one can derive
o b: [¢1:Int]: (¢1:w—1), which makes: andb logically indiscernible at typ&/ : Int].

We have not considered this rule in our assignment systewevar. The proof of the soundness of
such a rule requires a different definition of the realizgbihterpretation, and makes the proof theory
of the assignment system more involved. On the other harsl difficult to say to what extent we
obtain a stronger equivalence. Indeed we know in advandddbial equivalence cannot coincide
with observational equivalence: the former is indeed tieeity of a filter model which is &, model;
we know from [5] that it is not fully abstract w.r.t. the la2ycalculus, which is a sub-calculus of the
Object Calculus we consider. Were logical equivalence dosgivational equivalence the same, a full
abstraction property would hold for the model.

7 Conclusions and Related Work

The system and results presented in this paper have beelogidehrough a series of papers, [15],
[16], [9], and [10], of which the present work is an extended eevised version.

To summarise our work, it can be seen as an intersection ggigrament system (see e.g. [10]
and the references there) to typed terms of the first ordexcololculus from [1]. A similar idea
of assignment of logical formulas to terms of a simply typedalculus with recursive types is the
endogenous logic in [4], where languages are used to pravifieitary description of the domain
interpretation of types, and a denotation of terms, much la&gdpens for filter models of the type free
A-calculus in [11]. With respect to these antecedents oumieal contribution consists both in the
consideration of object types and, more importantly, intteatment of subtyping, for which we build
on ideas presented in [16].
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Our results substantiate the claim that logical semanlioss for a clean and elegant understanding
of subtyping, which is seen as a form of (reverse) inclusibiogical theories, indexed by types. This
seems remarkable in presence of arrow, object and recuygies, whose combination is notoriously
very difficult to model.

The resulting logical equivalence is consistent with thaiaence axiomatically defined in [1],
and operationally sound with respect to the Morris style astins studied in [17]. We remark that
logic adds to the abstraction represented by types, inttigaable to capture computational properties
like convergence and context separability, which is notdése for types. To show this, we resort to
the technical tool of realizability interpretation of preates, which comes from [15] and is a mild
extension of known techniques from thecalculus. Its relation to types and subtyping, however, is
not completely understood and is clearly involved in thatimeent of the rule suggested at the end of
Section6.

The present study rests on the assignment system and ifslpeocetical properties, without facing
the problem of models. In [16] a filter model construction iegosed in which types are interpreted
as the CUPERs (studied in [6, 3, 14] and used in [1] Ch. 14)daduy the indiscernibility relation
w.r.t. the predicates of a language. Terms are interpresdilters of predicates, but their meaning in
a typeA is obtained by restricting t@ 4. Such a restriction, trivially idempotent, is also contns,
which suggested the interpretation of the restriction afi@n in terms of retractions overia., uni-
versal model in [9]. Unfortunately retractions do not allfaw a sound treatment of subtyping because
of their covariant behaviour w.r.t. both left and right-dasides of arrow types. Although we think that
a model is implicitly described by our system, the analygitsostructure and the comparison with
existing denotational models of subtyping deserve furiiastigation.

Our system provides a program logic for the first orderalculus, which is natural to compare
with similar proposals in the literature. In [2] a Hoare stybgic for a first order object calculus
with subtyping is presented. A close relationship existsvben their transition relations and our
predicates?;:0;,—¢; (ie 1)>. In fact, even if transition relations are expressed via @irder predicate
logic whereas our logic is propositional, they specify pnel @ost conditions of methods in terms of
properties of filed values before and after method invooatid/e can do the same, since fields are
simply methods that do not depend on self variables, so thatam encode their properties by means
of predicates of the shagé:w—1) (and conjunctions of them); we then put them as the premises
above, and encode post conditions in ¢heWe stress however that our framework is more powerful,
because in [2] only field update is permitted, whereas olclisgsound in the presence of the stronger
operation of method overriding.

The latter limitation is removed in [19], at the price of legimonotonicity of the transition relations.
To handle this difficulty, a notion of specificati@pe¢A, §, T) is introduced as the unique fixed point
of the bi-functor® 4 7 induced by the field predicatg, the result predicate§ and the transition
relationsT'’; such a fixed point does not exist in general, and it can beedggunly under suitable con-
ditions (Existence Theorem). We first remark a tight sintjavetween the definition dpec¢A, E, T)
and of ({(¢:0—1))) here, especially for the quantification in the clawsé € (o). a.l(c) € ().
Then we observe that the realizability interpretation @&dicates is inductive, so thét)) always ex-
ists. Although we do not have a definite answer, it seems nadi® to think that our predicates are
particular cases of specifications, enjoying the good ptigse which would explain why we do not
need an existence theorem at all. The model of the logic b [19] is for the untyped-calculus,
both functional and imperative, so that there is nothingetoark about subtyping semantics here.

A different approach to the relationship between progragicland subtyping is “behavioural sub-
typing” as exposed e.g. in [20]. It is based on the “subtyppiirement” which says that il <: B
and ¢(b) for all b:B then ¢(a) for all a:A, where¢(x) is a certain predicate af. This recalls the
fact thatL, D Lp wheneverA <: B in our system. However, because of the universal quantifiers
in the subtyping requirement, the predicates of [20] arelyito be properties of types rather than of
programs, so that they are better seen as a reinforcememd abstractions expressed by types, rather
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than as a description of behaviours. The latter is exactlgtwile gain in our system, as shown via the
Realizability Theorent.10
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