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Abstract. We discuss a discretization scheme for a portfolio selection problem.
The model is a benchmark relative, mean-variance optimization problem in continuous
time. In order to make the model computationally tractable, we discretize it in time
and space. Our approximation scheme is designed in such a way so that the optimal
values of the approximate problems yield bounds on the optimal value of the original
problem. We discuss convergence of the bounds as the granulariy of the dicsretization
is increased. We also propose a threshold accepting algorithm that attempts to find
the most accurate discretization among all discretizations of a given complexity, and
we provide promising results of a numerical case study.
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Introduction

Portfolio problems are prototypical examples of optimization problems under
uncertainty. Finance researchers and investment practitioners remain fascinated
by numerous questions around the inherent risk-return tradeoff, which implies
that invested money can yield higher profits only if it is subject to the possibility
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of being lost. The modelling of financial risks and investor preferences as well as
the solution of large-scale portfolio optimization problems are challenging tasks.
A principal thesis of this article is the consensus that realistic portfolio problems
must be cast in a multi-period setting and can only be tackled computationally.
In fact, investment decisions are coupled in time through serial dependencies
of returns or consumption needs and, to a certain extent, through transaction
costs, administrative fees, and taxes. Analytical solutions of such time-coupled
models are usually not available. Numerical solutions, on the other hand, always
rely on suitable approximations. In this paper we pursue the following strategy.
Starting from a continuous-time continuous-state model, we discretize both the
underlying planning horizon as well as the probability space of the random asset
returns. This joint time and space discretization allows us to approximate the
original investment problem by a sequence of multistage stochastic programs
defined on finite scenario trees. The trees are designed in such a way that the
solutions of the corresponding multistage stochastic programs provide bounds on
the solution of the original problem. The effectiveness of discretization schemes
depends on our ability to solve the resulting deterministic equivalent problem.
Clearly as the granularity of the descritization increases, an appropriate scheme
should lead to a reduction in the error. From a practical point of view we cannot
solve problems with a large number of stages, and with a large branching factor
in each stage. For this reason we attempt to optimize the tree generation using
a heuristic algorithm. The heuristic we use is based on a variant of simulated
annealing called threshold accepting [3]. The basic idea is for a given complexity
of the tree to perform a random walk on all the possible configurations using the
heuristic. For our purposes, the complexity of the tree is defined as the number
of nodes on the tree. This simple procedure allows us to perform both time
and space discretization simultaneously. The advantage of threshold accepting is
that it requires less tuning of its parameters in order for it compute an acceptable
solution.
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In the present paper we generalize the bounding approximation scheme proposed in [17,18] to stochastic programs with random technology matrices. Moreover, we develop a modelling framework in which the tradeoff between the granularity of the time and space approximations can be analyzed. Theoretical convergence results guarantee asymptotic consistency of our multistage stochastic
programs as the cardinality of the underlying scenario trees increases. In this
work we go one step further and devise an efficient strategy to control the approximation error in situations when computational resources such as storage
space and CPU power are finite. One of the contributions of this paper is the
use of deterministic bounds with a stochastic search for the optimal tree. We
empirically show that attempting to compute optimal trees can yield a significant reduction to the error for trees of comparable complexity. We believe that
the combination of deterministic and stochastic schemes is not well explored in
stochastic programming. In this paper we propose a method to combine these
two paradigms.
Since the pioneering work of Markowitz [20], literature on portfolio theory
has grown dramatically. An overview of influential contributions up to 2001 is
provided in [24]. Much of the earlier literature focuses on investment situations
in a single period setting. Dynamic portfolio optimization in continuous time was
popularized by Merton [21]. While most dynamic models maximize expected utility of terminal wealth and or intertemporal consumption, the traditional meanvariance approach due to Markowitz has received relatively little attention in
the multi-period situation. A stochastic programming based approach to multiperiod mean-variance analysis was proposed by Frauendorfer [8, 10]. Gülpınar
et. al. [13, 14] refined this model and tested its performance for different scenario trees. Furthermore, they reformulated the model as a stochastic min-max
problem, assuming that some parameters of the underlying return distributions
are ambiguous [12]. Recently, dynamic mean-variance portfolio problems without
transaction costs have also been studied in a continuous-time framework. Analyt3

ical solutions were first obtained by Zhou and Li [26] who employ an embedding
technique and certain concepts of stochastic linear-quadratic control theory.
In the presence of market frictions, portfolio constraints, and or parameter instability etc., the analytical treatment of dynamic mean-variance portfolio problems is out of the question, and one has to resort to algorithmic solution procedures. Below, we will use stochastic programming techniques [2, 16] to solve
the portfolio problems under consideration. Suitable approximation schemes are
necessary to keep the corresponding scenario trees of tractable size. In order
to find solutions with provable performance guarantee, we use bounding methods to discretize the planning horizon and the probability space of the asset
returns. Stage-aggregation and time-discretization methods with deterministic
error bounds have previously been discussed in [17, 25]. Bounding methods for
scenario generation have first been proposed by Madansky [19] and — in a gametheoretic setting — by Dupačovà [4]. Extensions to more general problem classes
are due to Edirisinghe and Ziemba [5, 6], Frauendorfer [7, 9], and Kuhn [17, 18].
The general outline of this article is as follows. In Section 2 we formulate
a mean-variance portfolio selection problem in continuous time with transaction
costs and portfolio constraints. In order to achieve computational tractability, we
develop a scenario tree based approximation for this problem. We proceed in two
steps: Section 3 discusses discretization of the underlying planning horizon, while
Sections 4 and 5 address discretization of the underlying probability space. In
both cases we carefully estimate the approximation error. The time discretization
scheme of Section 3 is tailored to the portfolio problem under consideration. In
contrast, the space discretization scheme of Section 5 applies to a broad class of
stochastic programs detailed in Section 4. We propose a randomized threshold
accepting algorithm to minimize the approximation error over all scenario trees
of a given cardinality. Section 6 reports on numerical results.
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2

Portfolio problem

All random objects appearing in this article are defined on a complete probability
space (Ω, Σ, P ). By convention, random objects (i.e., random variables, random
vectors, or stochastic processes) appear in boldface, while their realizations are
denoted by the same symbols in normal face. Throughout our exposition, we
consider a market of N investment opportunities or assets. We assume that the
price pn of asset n is driven by a geometric Brownian motion, that is,
dpn (t)
= µn dt + dz n (t) for n = 1, . . . , N ,
pn (t)
where the z n are correlated Wiener processes whose variance rates may differ
from 1. Concretely speaking, we assume that
cov(dz m , dz n ) = E(dz m dz n ) = σmn dt .
The limitation to geometric Brownian motions with a time-invariant correlation
structure is merely for expositional convenience. Note that our approach easily
extends to more general stochastic models. We denote by A := {At }t≥0 the
filtration generated by the asset prices. The underlying σ-fields are thus given by
At := σ(pn (s) | s ∈ [0, t], n = 1, . . . , N ) .
It is convenient to interpret At as the time-t information set of an investor who
continuously observes the asset prices. Let us assume that this investor holds
a dynamically rebalanced portfolio of the assets in our model economy. This
means that for each n, the investor continuously buys and sells assets of type n,
pursuing the general goal of accumulating wealth over time. We denote by bn and
sn the cumulative purchase and sale processes, respectively. To be precise, we
assume that bn and sn are elements of C(A), the convex cone of right-continuous
non-decreasing stochastic processes adapted to A that vanish at t = 0. Thus,
bn (t) stands for the amount of money used up to time t to buy assets of type
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n, while sn (t) represents the amount of money obtained up to time t from sales
of asset n. Moreover, we let wn be the portfolio weight process of asset n, i.e.,
wn (t) denotes the amount of money invested in asset n at time t. The processes
wn , bn , and sn are related through the asset balance equations
dwn (t) = wn (t)

dpn (t)
+ dbn (t) − dsn (t) .
pn (t)

The total wealth process π is naturally defined via π(t) =

(2.1)

PN

n=1

wn (t). Through-

out this article we assume that proportional transaction costs are incurred whenever shares of the assets are traded. We denote by cb and cs the transaction costs
per dollar of shares bought and sold, respectively. The change of total wealth
over a time interval of length dt is thus given by capital gains minus transaction
costs, i.e.,
dπ(t) =

N
X
n=1

wn (t)

dpn (t)
− cb dbn (t) − cs dsn (t) .
pn (t)

(2.2)

Plugging the definition of π into (2.2) and using (2.1) we obtain
N
X
0=
(1 + cb ) dbn (t) − (1 − cs ) dsn (t) .

(2.3)

n=1

The equations (2.1) and (2.3) are sufficient to describe the portfolio dynamics.
Hence, the SDE (2.2) is not needed, and the process π can principally be eliminated. We will always impose the restrictions wn (t) ≥ 0, which preclude the
possibility to take short positions in the assets. These no short sales restrictions
further guarantee that total wealth will always remain positive.
The performance of an investment portfolio of the above kind is usually not
measured in absolute terms but rather relative to a benchmark portfolio. A
P
∗
natural choice for a benchmark is the market portfolio π ∗ (t) := N
n=1 w n (t) with
normalized initial value. By definition, the monetary portfolio weight of asset n

in the market portfolio is given by w∗n (t) := wn (0) pn (t)/pn (0). We will assume
that the risk associated with a portfolio process π, as perceived by our investor,
6

amounts to
Z

T

Var (π(t) − π ∗ (t)) α(dt) .

(2.4)

0

The involved probability measure α : B([0, T ]) → [0, 1] characterizes the temporal
risk weighting.1 Portfolio performance, on the other hand, is measured by expected terminal wealth. As in the celebrated single-period Markowitz model [20],
our investor faces a multi-objective decision problem. The conflicting objectives
are to minimize risk while maximizing expected terminal wealth. Such problems
are usually addressed by determining the set of Pareto optimal solutions, which
in the current setting represent a family of efficient portfolios. We can find all
efficient portfolios by minimizing risk under a parametric constraint of the form
E (π(T )) ≥ e̺ T E(π ∗ (T )) ,

(2.5)

where the performance parameter ̺ is swept within a suitable interval. The
investor will then pick the ρ corresponding to that efficient portfolio which is
best suited to his or her individual risk preferences. From the above discussion
we conclude that the investment strategy associated with a particular efficient
portfolio can be found by solving the following stochastic optimization problem.
!
Z T
N
X
wn (t) − w∗n (t) α(dt)
minimize
Var
bn ,sn ∈C(A)
0
n=1


s.t. dwn (t) = wn (t) dpn (t)/pn (t) + dbn (t) − dsn (t) ∀ t, n 



PN
(Pc )

0 = n=1 (1 + cb ) dbn (t) − (1 − cs ) dsn (t)
∀t 
P -a.s.
P

̺T
∗

w
(T
)
−
e
w
(T
))
0 ≤ E( N
n

n
n=1



0 ≤ wn (t) ,
∀ t, n 

The presence of portfolio constraints and transaction costs severely limits analytical tractability of problem Pc , which we consider as a prototype model that will
1

By using a deterministic benchmark and defining α as the Dirac measure concentrated

at T , the risk functional (2.4) reduces to variance of terminal wealth.
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eventually be generalized in several directions. For example, we plan to incorporate additional portfolio constraints and alternative one-sided risk measures.
Moreover, we intend to replace our crude asset price model by a more sophisticated one that accounts for heteroscedasticity, fat tails, parameter instability, etc.
Against this background, we should seek a computational approach for solving
problem Pc . This requires discretization of the problem with respect to time and
(probability) space.

3

Time discretization

To work towards computational tractability of problem Pc , we first simplify its
temporal complexity. The goal of this section is to elaborate a stochastic optimization problem in discrete time that approximates the continuous-time problem
Pc . To this end, we select a set of ordered time points2 0 = t1 < · · · < tH <
tH+1 = T and assume that portfolio rebalancing is restricted to these discrete
dates. The optimal value of the approximate problem P with this extra restriction will provide an upper bound on the optimal value of the original problem Pc .
In order to formulate P as a discrete-time problem, we have to introduce additional notation. Let w−
n,h be the capital invested in asset n at time th − 0 before
reallocation of funds, and let w+
n,h be the capital invested in asset n at time th + 0
after portfolio rebalancing. Furthermore, denote by bn,h and sn,h the amount of
money used to buy and sell assets of type n at time th , respectively. In agreement
with these definitions, w∗n,h stands for the capitalization of asset n in the market
portfolio at time th — note that the market portfolio is never rebalanced. By
P
−
convention, initial wealth is normalized, i.e., N
n=1 w n,1 = 1. Recall also that the
∗
deterministic initial endowments satisfy w−
n,1 = w n,1 . Finally, it is convenient

to introduce separate variables for the expected values of the individual asset
+
∗
∗
positions. Thus, we define w̄+
i,h = E(w i,h ) and w̄ i,h = E(w i,h ). By using the
2

For notational convenience, we will sometimes use an additional time point t0 := 0.
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notation introduced so far, the objective function of the time-discretized version
of problem Pc can be represented as
H Z
X
h=1

N
X
pn (t)
∗
Var
(w+
n,h − w n,h )
pn (th )
Ih
n=1

!

α(dt) ,

(3.1)

where Ih := [th , th+1 ) for h < H and IH := [tH , tH+1 ] denote the time intervals
between consecutive rebalancing dates. This expression can be further simplified
by using the constants

 

Z
Z
pm (t)
pn (t)
∆mn,h :=
E
E
α(dt) =
e(µm +µn )(t−th ) α(dt)
p
(t
)
p
(t
)
h
h
Ih
Ih
m
n
and
Λmn,h :=

Z

Cov

Ih

=

Z



pm (t) pn (t)
,
pm (th ) pn (th )



α(dt)

e(µm +µn )(t−th ) (eσmn (t−th ) − 1) α(dt) .

Ih

After some elementary manipulations, the objective function (3.1) takes the form
E

N
H X
X

+
∗
∗
(w+
m,h − w m,h )(Λmn,h + ∆mn,h )(w n,h − w n,h )

h=1 m,n=1

(3.2)
!

+
∗
∗
−(w̄+
m,h − w̄ m,h )∆mn,h (w̄ n,h − w̄ n,h ) .

Next, we reformulate the constraints of the time-discretized version of problem Pc .
Our reformulation invokes vectors of price relatives
ξ h := (ξ 1,h , . . . , ξ N,h ) ,

where ξ n,h := pn (th )/pn (th−1 ) .

Price relatives relate to the time periods between successive rebalancing dates. In
our setting, they are serially independent. We define F h := σ(ξ 1 , . . . , ξ h ) to be the
σ-algebra induced by the first h price relatives. All constraints discussed below
are assumed to hold almost surely with respect to the probability measure P . A
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set of static constraints applies for each h = 1, . . . , H.
−
w+
n,h = w n,h + bn,h − sn,h
P
PN
(1 + cb ) N
n=1 bn,h = (1 − cs )
n=1 sn,h
+
∗
∗
w̄+
n,h = E(w n,h ) , w̄ n,h = E(w n,h )

(3.3a)

w+
n,h ≥ 0 , bn,h ≥ 0 , sn,h ≥ 0
+
+
∗
h
w−
n,h , w n,h , w̄ n,h , w̄ n,h , bn,h , sn,h are F -measurable

The following dynamic constraints couple neighboring decision stages and therefore only hold for h = 1, . . . , H − 1.
+
w−
n,h+1 = w n,h ξ n,h+1 ,

w∗n,h+1 = w∗n,h ξ n,h+1

(3.3b)

The terminal wealth constraint represents a single static constraint associated
with decision stage H.
N
X

̺T
w̄+
n,H ≥ e

n=1

N
X

w̄∗n,H

(3.3c)

n=1

In summary, we denote by P the problem of minimizing the objective function
(3.2) over all investment strategies subject to (3.3). Any strategy feasible in P
corresponds to a strategy feasible in Pc with the same objective value. Therefore,
the approximate problem P provides an upper bound on the optimal value of the
original problem Pc . Even though P has a finite number of decision stages, it
involves a continuum of scenarios and thus remains computationally intractable.

4

Multistage stochastic programs

Discrete-time stochastic optimization problems involving a large or infinite number of scenarios are usually addressed by approximating the underlying random
data by a discrete process that involves only a modest number of scenarios. This
amounts to discretizing the state space of the data generating process. The stochastic program associated with the discrete approximate process has a finite
10

number of variables and constraints, thus principally allowing for numerical solution.
Stochastic programming research puts much effort in determining whether the
optimal values of the approximate and original problems are close to each other
and whether the optimal solution of the approximate problem can be related in
any way to some near-optimal solution of the original problem. In this work we
employ a discretization method which provides deterministic error bounds on the
optimal value of the original problem. Moreover, we outline how the solution of
the approximate problem can be transformed to a policy that is implementable
in reality and achieves an objective value between those bounds. As our method
applies to a broad problem class, we explain it by referring to an abstract cost
minimization problem under uncertainty. This generalized stochastic program
should incorporate expected value constraints, which are also present in the portfolio optimization problem of Section 3. As usual, we assume that decisions are
selected at different time points (or stages) indexed h = 1, . . . , H when new information about the underlying random parameters becomes available. To keep
our exposition reasonably simple, we now introduce some notational conventions
applying to all discrete-time stochastic processes considered below.
Definition 4.1. We say that ζ is a discrete-time stochastic process with state
space Z if ζ = (ζ 1 , . . . , ζ H ) and Z = ×H
h=1 Zh such that each random vector
ζ h maps (Ω, Σ) to the Borel space (Zh , B(Zh )) and each Zh is a convex closed
subset of some finite-dimensional Euclidean space. Moreover, we define combined
random vectors ζ h := (ζ 1 , . . . , ζ h ) valued in Z h := ×hi=1 Zi for all h = 1, . . . , H.
As an example we mention the process ξ := (ξ 1 , . . . , ξ H ), where ξ h represents the vector of price relatives introduced in Section 3. As stock prices never
drop below zero, ξ constitutes a discrete-time stochastic process in the sense of
Definition 4.1, whose state space is given by the nonnegative orthant of RN H .
Furthermore, we can introduce a decision process x associated with problem P
11

in Section 3. It is defined through
+
+
∗
∗
xh := vec((w−
n,h , w n,h , w̄ n,h , w n,h , w̄ n,h , bn,h , sn,h ) | n = 1, . . . , N ) ,

where the operator ‘vec’ returns the concatenation of its arguments. Thus, xh
has dimension nh := 7N . As the constraints (3.3) preclude negative xh , the state
space of the process x can be chosen to be the nonnegative orthant of R7N H .
In order to present the most general form of our approximation method, we
assume that the multistage stochastic program under consideration is driven by
two exogenous stochastic processes η and ξ with state spaces Θ and Ξ, respectively. We assume that η impacts the objective function of P, whereas ξ appears
in the constraints.3 For notational convenience, we also introduce the combined
data process ζ := (η, ξ) with state space Z := Θ × Ξ. Furthermore, we let
F h := σ(ζ h ) be the information that is available at stage h by observing the
data process. We will frequently use the shorthand notation F := F H and denote by F := {F h }H
h=1 the filtration generated by ζ. With these conventions,
we can formulate an abstract multistage stochastic program with expected value
constraints as follows.
minimize E (c(x, η))
x∈X(F)

(P)

h

s.t. E(fh (x, ξ) | F ) ≤ 0 P -a.s. ∀h = 1, . . . , H
Minimization is over a convex set of stochastic processes x, all of which share the
nh
same state space X ⊂ ×H
h=1 R . These processes are commonly called strategies,

policies, or decision processes. The set of admissible strategies is defined as
∞
h
nh
X(F) := {x ∈ ×H
h=1 L (Ω, F , P ; R ) | x(ω) ∈ X for P -a.e. ω ∈ Ω} .

Note that all strategies in X(F) are adapted to F, that is, they are non-anticipative
with respect to the underlying data process [22]. The objective criterion and the
3

The process of price relatives shows up only in the constraints of the portfolio problem of

Section 3. In agreement with the current convention, it is therefore denoted by ξ. There is no
(or only a fictitious deterministic) process η that affects the objective function of that problem.
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(explicit) constraints in P are determined through a real-valued cost function
c : X ×Θ → R and a vector-valued constraint function fh : X ×Ξ → Rmh for each
stage index h = 1, . . . , H. We emphasize that problem P accommodates expected
value constraints. The corresponding constraint functions are required to be
nonpositive in expectation (instead of almost everywhere), where expectation is
conditional on the stagewise information sets. In order to elaborate our space
discretization scheme, we impose the following regularity conditions:
(C1) c is convex in x, concave in η, and continuous;
(C2) fh is representable as fh (x, ξ) = f˜h ((1, x) ⊗ (1, ξ)), where f˜h is convex,
continuous, and constant in xi ⊗ ξj for all 1 ≤ j ≤ i ≤ H, h = 1, . . . , H;
(C3) X is convex and compact;
(C4) ζ constitutes a serially independent process with compact state space Z.
Here, the operator ‘⊗’ stands for the usual dyadic product of vectors. The assumptions (C1) and (C2) allow for linear multistage stochastic programs which
exhibit randomness in the objective function coefficients, the right hand side
vectors, and the technology matrices (but not in the recourse matrices). As reasonable numerical solutions are always bounded, assumption (C3) is nonrestrictive. The compactness requirement in (C4) can always be enforced by truncating
certain extreme scenarios of the data process ζ that have a negligible effect on
the solution of the stochastic program P. Moreover, the serial independence requirement can often be circumvented by rewriting the original data process as
a Rosenblatt transformation [23] of a serially independent noise process. In this
case, any serial dependencies can be absorbed in the definition of the cost and
constraint functions.
For the further discussion, we introduce the set
1
h
mh
Y (F) := {y ∈ ×H
) | y ≥ 0 P -a.s.} ,
h=1 L (Ω, F , P ; R
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which comprises all nonnegative integrable dual decision processes adapted to the
filtration F. By using Y (F), the stochastic optimization problem P with explicit
constraints can be recast as a min-max problem without explicit constraints.
Lemma 4.2 (Wright [25, § 4]). Under the conditions (C1)–(C3) we have
!
H
X
inf P = inf sup E c(x, η) +
y h · fh (x, ξ) .
(4.1)
x∈X(F) y∈Y (F)

h=1

The min-max formulation (4.1) of problem P will be very helpful for the
development of our space discretization scheme in Section 5.

5

Space discretization

Recall that we assume ζ to be a serially independent process with compact state
space Z. Besides that we make no assumption concerning its distribution. We
now construct another process ζ u = (η u , ξ u ) such that the component processes
η u and ξ u have state spaces Θ and Ξ, respectively. Thus, ζ u has the same state
space Z = Θ × Ξ as the original process ζ. Furthermore, ζ u has a discrete
distribution and approximates ζ in a sense that will be explained below.
The construction of ζ u goes along the lines of [17, § 4]. To keep this article selfcontained, we briefly sketch the basic procedure. Essentially, ζ u is constructed
by specifying its conditional distribution given ζ. Then, the joint distribution
of ζ and ζ u is uniquely determined by the product measure theorem [1, Theorem 2.6.2]. As pointed out in [17, § 4], there always exists a rich enough sample
space (Ω, Σ, P ) on which both ζ and ζ u are defined.4
The distribution of ζ u conditional on ζ = ζ is obtained by using the product
u
measure theorem to combine the conditional distributions {Phu }H
h=1 , where Ph

stands for the distribution of ζ uh conditional on ζ = ζ and ζ u,h−1 = ζ u,h−1 . Thus,
4

We are free to set Ω = Z × Z and Σ = B(Z × Z), while P may be identified with the joint

distribution of ζ and ζ u .
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construction of the approximate process ζ u boils down to specifying Phu for each
h. In order to so, we select a disjoint set partition Zh (ζ u,h−1 ) of Zh which may
depend on the realizations of the approximate process up to time h − 1 and
satisfies
Zh =

[

W,

W ∪ W ′ = ∅ for W 6= W ′ ∈ Zh (ζ u,h−1 ) .

W ∈Zt (ζ u,h−1 )

Moreover, we require each W ∈ Zh (ζ u,h−1 ) to be representable as W = U × V
where U ⊂ Θt and V ⊂ Ξt are bounded nondegenerate (not necessarily closed)
simplices. For a bounded nondegenerate simplex V , an extreme point e ∈ ext cl V ,
and a vector v ∈ cl V we denote by PV (e|v) the convex weight of v with respect
to e. By definition, we thus have
X

X

P (e|v) = 1 and

eP (e|v) = v .

e∈ext cl V

e∈ext cl V

Moreover, we introduce a combined vector ζhV (e) = (ηhV (e), ξhV (e)) defined through
ξhV (e) := e and ηhV (e) :=

E(η h PV (e|ξ h ) 1W (ζ h ))
.
E(1W (ζ h ))

Without much loss of generality we may assume that the denominator in the
rightmost expression is always nonzero. Using the notation introduced so far, we
can specify the conditional distribution Phu . For ζ ∈ Z and ζ u,h−1 ∈ Z h−1 we set
Phu (·|ζ, ζ u,h−1 ) :=

X

(ζ u,h−1 )

W ∈Zh
W =U ×V

X

PV (e|ξh ) 1W (ζh ) δζhV (e) (·) ,

(5.1)

e∈ext cl V

where δζhV (e) denotes the Dirac measure concentrated at ζhV (e). The approximate
process ζ u obtained by combining the Phu in the appropriate way has several
intriguing properties. First, by averaging (5.1) over all ζh , one verifies that the
marginal distribution of ζ u constitutes a barycentric scenario tree in the sense
of Frauendorfer, see e.g. [7, 9]. As opposed to the traditional construction of
barycentric scenario trees, the present approach allows us to view ζ u and ζ as
15

correlated processes on a common probability space. In the reminder of this
section we will elaborate some of the advantages of this new perspective.
From now on we denote by Fu the filtration generated by ζ u , i.e., Fu :=
u,h :=
{F u,h }H
σ(ζ u,h ), and we use the convention F u := F u,H .
h=1 where F

Lemma 5.1 (Kuhn [17, § 4]). The following relations hold for suitable versions
of the conditional expectations, respectively.
E(x|F) ∈ X(F) for all x ∈ X(Fu )

(5.2a)

E(y|F u ) ∈ Y (Fu ) for all y ∈ Y (F)

(5.2b)

E(ξ u |F) = ξ

(5.2c)

E(η|F u ) = η u

(5.2d)

The relations 5.2 are crucial for our main result on the approximation of
discrete-time stochastic programs; see Theorem 5.5 below. A rigorous proof of
Lemma 5.1 is provided in [17, § 4]. Here, we only give some intuition. The inclusions (5.2a) and (5.2b) are related to the recursive construction of the {ζ uh }Th=1 .
Relation (5.2c) follows immediately from the definition of Phu . In fact, we have
Z
u
u,h−1
E(ξ h |ζ, ζ
) =
(5.3)
ξhu Phu (dζhu |ζ, ζ u,h−1 )
Zh
X
X
=
1W (ζ h )
e PV (e|ξ h ) = ξ h P -a.s.
e∈ext cl V

W ∈Zh (ζ u,h−1 )
W =U ×V

The law of iterated conditional expectations then allows us to conclude that
E(ξ uh |ζ) = ξ h for all h, which is equivalent to (5.2c). The last relation (5.2d)
is proved in a similar manner. We first use Bayes’ theorem to evaluate the
conditional expectation of η h given {ζ i }i6=h and ζ u,h and then employ the law of
iterated conditional expectations.
It should be emphasized that there is considerable flexibility in the construction of ζ u since there are many different ways to specify the partitions Zh (ζ u,h−1 ).
If all of these partitions contain only sets of diameter less than ǫ, then the supremum distance of ζ and ζ u is at most ǫ, that is, kζ − ζ u k∞ ≤ ǫ.
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It proves useful to introduce another discrete process ζ l = (η l , ξ l ) such that η l
and ξ l are valued in Θ and Ξ, respectively. Again, ζ l is supposed to approximate
the original data process ζ. We construct ζ l in exactly the same way as ζ u , but
the roles of η and ξ are interchanged. Again, the construction is very flexible,
relying on a family of disjoint set partitions Zh (ζ l,h−1 ) that depend on the history
of the approximate process. By choosing these partitions appropriately, for every
given tolerance ǫ > 0 we can construct a discrete processes ζ l with kζ − ζ l k∞ ≤ ǫ.
The induced filtration Fl is constructed as usual, i.e., Fl := {F l,h }H
h=1 where
F l,h := σ(ζ l,h ), and we use the convention F l := F l,H . By permutation symmetry,
the following result is an immediate consequence of Lemma 5.1.
Corollary 5.2. The following relations hold for suitable versions of the conditional expectations, respectively.
E(x|F l ) ∈ X(Fl ) for all x ∈ X(F)

(5.4a)

E(y|F) ∈ Y (F) for all y ∈ Y (Fl )

(5.4b)

E(ξ|F l ) = ξ l

(5.4c)

E(η l |F) = η

(5.4d)

If we replace the true data process ζ by ζ u and the true filtration F by Fu
in P, then we obtain an approximate optimization problem denoted P u . Another approximate problem P l is obtained by substituting ζ l for ζ and Fl for F.
Note that replacing the filtrations has a primal and a dual effect, that is, after
substitution the primal decisions as well as the constraints are adapted to the
approximate filtration. Notice that Lemma 4.2 remains valid for problems P u
and P l with their corresponding data processes and filtrations. In the remainder of this section we will prove that the optimal values of P l and P u bracket
the optimal value of the original problem P. To this end, we first establish two
technical lemmas.
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Lemma 5.3. The following relations hold for suitable versions of the conditional
expectations and for all 1 ≤ i < j ≤ H.
(i) E(xi ⊗ ξ uj |F) = E(xi |F) ⊗ ξ j for all x ∈ X(Fu )
(ii) E(xi ⊗ ξ j |F l ) = E(xi |F l ) ⊗ ξ lj for all x ∈ X(F)
Proof. Select arbitrary time indices i and j such that 1 ≤ i < j ≤ H, and let x
be an element of X(Fu ). Then, we find
E(xi ⊗ ξ uj |F) = E(E(xi ⊗ ξ uj |F ∧ F u,j−1 )|F)
= E(xi ⊗ E(ξ uj |F ∧ F u,j−1 )|F)
= E(xi ⊗ ξ j |F)
= E(xi |F) ⊗ ξ j ,
where the third equality follows from (5.3). The above argument proves assertion (i). Next, let x be an element of X(F). By assumption, xi is a function of
ξ i , which is independent of ξ j . Assertion (ii) immediately follows from (5.4c) and
independence of xi and ξ j .
Lemma 5.4. The following relations hold for suitable versions of the conditional
expectations and for all 1 ≤ h ≤ H.
(i) E(fh (x, ξ u )|F) ≥ fh (E(x|F), ξ) for all x ∈ X(Fu )
(ii) E(fh (x, ξ)|F l ) ≥ fh (E(x|F l ), ξ l ) for all x ∈ X(F)
Proof. Select x ∈ X(Fu ). By using condition (C2) and the conditional Jensen
inequality we find
E(fh (x, ξ u )|F) = E(f˜h ((1, x) ⊗ (1, ξ u ))|F)
≥ f˜h (E((1, x) ⊗ (1, ξ u )|F))
= f˜h (E((1, x)|F) ⊗ (1, ξ))
= fh (E(x|F), ξ) .
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Note that the equality in the third line follows from Lemma 5.3(i) and the independence of f˜h in xi ⊗ ξj for all i ≥ j. This establishes (i). Assertion (ii) is
proved in a similar manner.
Armed with the above preliminary results we are now ready to state the main
theorem of this section.
Theorem 5.5. Assume that the problems P l and P u are solvable with finite
optimal values. If xu solves P u , then x̂ := E(xu |F) is feasible in P and
inf P l ≤ inf P ≤ E(c(x̂, η)) ≤ inf P u .
Proof. Our argumentation relies on ideas from the proofs of Theorems 1 and 2
in [17] as well as Theorem 5.1 in [18]. A preliminary calculation yields
inf P ≥

inf

sup E c(x, E(η l |F)) +

x∈X(F) y∈Y (Fl )

≥

inf
inf

E(y h |F) · fh (x, ξ)

h=1

l

sup E c(x, η ) +

x∈X(F) y∈Y (Fl )

=

H
X

H
X

y h · fh (x, ξ)

h=1

sup E E(c(x, η l )|F l ) +

x∈X(F) y∈Y (Fl )

H
X

!

!

!

y h · E(fh (x, ξ)|F l ) .

h=1

The first inequality follows from Lemma 4.2 as well as the relations (5.4b) and
(5.4d). Moreover, the second inequality uses the conditional Jensen inequality,
which applies since the cost function is concave in its second argument, while x
and ξ are F-measurable. From the above chain of inequalities follows
inf P ≥

inf

l

l

sup E c(E(x|F ), η ) +

x∈X(F) y∈Y (Fl )

≥

inf

H
X
h=1

sup E c(x, η l ) +

x∈X(Fl ) y∈Y (Fl )

H
X
h=1

l

l

!

y h · fh (E(x|F ), ξ )
!

y h · fh (x, ξ l ) .

Here, the first inequality holds by Lemma 5.4 (ii) and the conditional Jensen
inequality, which applies since the cost function is convex in its first argument,
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while y and η l are F l -measurable. Note that the second inequality is due to
assumptions (5.4a). In conclusion, we thus have shown inf P l ≤ inf P.
Next, we use the fact that xu is an element of X(Fu ), implying via (5.2a) that
the conditional expectation E(xu |F) is an element of X(F).
inf P ≤

sup E c(E(xu |F), η) +
y∈Y (F)

≤

sup E E(c(xu , η)|F) +
y∈Y (F)

=

H
X

h=1
H
X

y h · fh (E(xu |F), ξ)

u

sup E c(x , η) +
y∈Y (F)

!

y h · E(fh (xu , ξ u )|F)

h=1

H
X

!

u

u

!

(5.5)

y h · fh (x , ξ ) .

h=1

The second inequality in (5.5) uses Lemma 5.4 (i) and the conditional Jensen
inequality, while the equality relies on the law of iterated conditional expectations.
Another application of the conditional Jensen inequality yields
inf P ≤

sup E c(xu , E(η|F u )) +
y∈Y (F)

≤
=

h=1

sup E c(xu , η u ) +
y∈Y

(Fu )

inf
x∈X(Fu )

H
X

H
X

!

E(y h |F u ) · fh (xu , ξ u )
!

y h · fh (xu , ξ u )

h=1

sup E c(x, η u ) +
y∈Y (Fu )

H
X
h=1

!

y h · fh (x, ξ u ) .

Here, the second inequality holds by the assumptions (5.2b) and (5.2d), entailing
a relaxation of the dual feasible set. The last line of the above expression corresponds to inf P u , which is finite by assumption. This implies that the supremum
over Y (F) in the first line of (5.5) is also finite, and y = 0 is an optimal solution. Thus, x̂ = E(xu |F) is feasible in P, and the corresponding objective value
E(c(x̂, η)) satisfies the postulated inequalities.
As the marginal distributions of ζ l and ζ u are discrete, the approximate
problems P l and P u constitute finite-dimensional convex programs with a finite number of constraints. Thus, they principally allow for numerical solution.
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By Theorem 5.5, the optimal values of the approximate problems provide an a
priori estimate of the minimal cost that is principally achievable. However, the
optimal strategies corresponding to P l and P u are only given for discrete scenarios and are therefore not implementable almost surely. It is a priori unclear
how the optimal solutions of the approximate problems can be used to determine
a near-optimal strategy for the original problem. Theorem 5.5 provides a particularly satisfactory answer to this question by proposing a policy x̂ which is
implementable in every possible scenario and whose expected cost is bracketed
by inf P l and inf P u . Note that E(c(x̂, η)) represents an a posteriori estimate of
the minimal cost which is achievable in reality. It can conveniently be calculated
by Monte Carlo simulation. In fact, since xu is finitely supported, evaluation of
x̂ for an arbitrary realization of ζ reduces to the evaluation of a finite sum and
poses no computational challenges. Generically, E(c(x̂, η)) constitutes a better
upper bound on the true objective value than inf P u .
Note that there is considerable flexibility in constructing the discrete approximate processes. In fact, we are entirely free in choosing the partitions Zh (ζ u,h−1 )
and Zh (ζ l,h−1 ) for h = 1, . . . , H, and each choice corresponds to a discrete process
ζ u and ζ l , respectively, which provides an upper or lower bound on the optimal
objective value. By making the diameters of the polytopes in all partitions uniformly small, we can construct discrete stochastic processes that approximate
the original process arbitrarily well with respect to the L∞ -norm. Thus, for each
J ∈ N we can introduce two discrete processes ζ uJ = (η uJ , ξ uJ ) and ζ lJ = (η lJ , ξ lJ )
of the above kind such that
lim kζ uJ − ζk∞ = lim kζ lJ − ζk∞ = 0 .

J→∞

J→∞

In the remainder, let PJu and PJl be the approximate stochastic programs associated with the discrete processes ζ uJ and ζ lJ , respectively. If we assume that the
original stochastic program P satisfies an unrestrictive strict feasibility condition,
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then for J → ∞ we have
inf PJu → inf P

and

inf PJl = inf P .

(5.6)

The proof of this convergence result follows the lines of [18, § 6] and is omitted
for brevity of exposition. For each J ∈ N for which PJu and PJl are solvable,
we can further introduce a policy x̂J as in Theorem 5.5. Combining (5.6) and
Theorem 5.5, we conclude that x̂J is feasible in P and that for J → ∞ we have
E(c(x̂J , η)) → inf P .
In spite of these satisfying theoretical results, the approximation error EJ :=
inf PJu − inf PJl cannot be made arbitrarily small in practice due to limited computer power. It is a major challenge to select the set partitions Zh (ζ u,h−1 ) and
Zh (ζ l,h−1 ) recursively for h = 1, . . . , H in such a way that the approximation error
becomes small for manageable problem sizes. Ideally we would like to proceed as
follows: find the least number of discretization points given an acceptable level
of error. Of course, such a scheme is difficult to implement since computing the
error for a given configuration of discretization points involves the solution of two
large-scale multistage stochastic programs, which is extremely time consuming.
For this reason, we use a heuristic method based on a stochastic search algorithm
that can find a good solution without requiring a large number of function evaluations. The heuristic we use is known under the name ‘threshold accepting’,
see [3]. The basic idea is to perform a random walk on all the possible tree configurations of a given complexity. For our purposes, the complexity of a tree is
defined as the number of its nodes. The advantage of threshold accepting is that
it requires little tuning of its parameters in order for it to compute an acceptable
solution. Our algorithm can be described as follows:
u
l
l
H
Step 1 Set J = 1, and let ZJu := {ZJ,h
}H
h=1 and ZJ := {ZJ,h }h=1 be the stagewise

set partitions corresponding to some scenario trees of the upper and lower
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approximations, respectively.5 Let EJ , be the error (difference between
upper and lower bounds) associated with ZJu and ZJl .
Step 2 If the error EJ is smaller than some predefined tolerance, then stop.
Otherwise, perform small random perturbations (described in § 6) in the
current trees to obtain Zbu and Zbl .

Step 3 Solve the deterministic equivalent problems associated with Zbu and Zbl ,
b in the obvious way.
and define the error E

b and set
Step 4 Define ∆E := EJ − E

 (Zbu , Zbl , E)
b
if ∆E > −τ ,
u
l
, ZJ+1
, EJ+1 ) :=
(ZJ+1
 (Z u , Z l , E ) otherwise.
J
J
J

Step 5 If the best of all visited configurations does not improve for more that u
iterations, then lower the threshold acceptance criterion τ . Finally, increase
J by one unit and go to Step 2.

6

Case study

We now discuss a small case study using the discretization scheme proposed
above. In Section 5 we described how the continuous refinement of the probability
space will eventually lead to the solution of the time-discretized problem. In this
section we discuss the practical implementation of such a scheme.
We assume that we are given a time-discretized version P of the original
portfolio problem, which involves H decision stages. In the remainder we keep H
fixed and focus on space discretization. In order to arrive at an implementable
version of the problem, we start by covering the support of the random vector ξ h
5

To keep our numerical experiments simple, we assume here that the disjoint set partitions

are not path-dependent. This simplification will be relaxed in future work to fully exploit the
flexibility of the bounding approximation scheme presented in this section.
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ξh,1

confidence region

ξh,2

Figure 1: Simplicial covering of a confidence region with high probability mass.

by a compact simplex for each h = 1, . . . , H. Clearly this procedure is problem
dependent. A simple approach is to truncate the lognormal distribution of the
price relatives outside some bounded confidence region which covers most of the
probability mass.6 Next, we enclose the confidence region of the price relatives
in a suitable simplex. A graphical illustration for a problem with N = 2 assets
is shown in Figure 1. The first space approximations consist of using either the
expected values or the extreme points of the simplices as the realizations of the
scenario tree, respectively. Solving the expected value problem will yield a lower
bound. The problem involving the extreme scenarions (that is, the vertices of
the simplices with probabilities estimated from (5.1)) results in an upper bound.
u
In order to improve the bounds, we have to refine the trivial coverings Z1,h
=
l
= {Zh } for each h = 1, . . . , H. One possibility to partition a simplex is
Z1,h

by choosing an interior point and considering the resulting N + 1 sub-simplices.
In our implementation we always choose the barycenter of the simplex.7 For
6

The truncated distribution must be re-normalized for consistency reasons. Note that the

error introduced by truncation and renormalization is generally small and may be disregarded.
7
Here, we work with the classical barycenter corresponding to a uniform mass distribution.
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(b)

ξh,1

ξh,1

A

A
B

B 1

ξh,2

B 2

ξh,2

(c)

(d)

Figure 2: Refinement of simplicial partition.

example, when the simplex in Figure 1 is further refined, the three simplices A,B
and C in Figure 2(a) are created. When simplex C is further refined, then three
new simplices C1, C2 and C3 are created, see Figure 2(b). As an illustration, we
consider a small problem with three assets, and a planning horizon comprising
three time periods. The problem is discretized by using the scheme described
in Section 5, and the resulting deterministic equivalent problems are solved by
using the OOQP solver [11]. All the numerical experiments were performed on
a Linux machine with a 2.0Ghz processor and 2GB of RAM. The convergence
of the upper and lower bounds due to a naive refinement strategy is shown in
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Convergence State Discretization
23000

22900

22800

Optimal value

22700

22600

22500

22400

22300
Upper Bound
Lower Bound
22200
1

1.5

2
Discretization Factor

2.5

3

Figure 3: Convergence of bounds due to naive refinement strategy.

Disc. Factor #Columns #Rows

# Nodes

1

33

19

3

2

195

91

21

3

2463

1099

2733

Table 1: Problem statistics for lower bound problem, 3 time periods, and 3 assets.

Figure 3. In this example, the discretization factor refers to the depth of recursive
simplicial subdivisions. For example, Figure 1 corresponds to the discretization
factor J = 1, while Figure 2(a) corresponds to J = 2. If in Figure 2(b) we further
subdivided all the sub-simplices (not just C), then the resulting covering would
be assigned the discretization factor J = 3. Problems with higher discretization
factor cannot be solved due to the fact that problem size increases rapidly with
the branching factor of the underlying scenario tree. This curse of dimensionality
is even more acute in problems with a large number of assets or a large number
of time periods. Tables 1 and 2 show how the size of the problem increases as we
increase the discretization factor.
As argued at the end of Section 5, we may expect to improve the approxima26

Disc. Factor #Columns #Rows

# Nodes

1

195

91

21

2

285

131

31

3

825

371

91

Table 2: Problem statistics for upper bound problem, 3 time periods, and 3 assets.

tion error if the brute force refinement strategy is replaced by a more sophisticated
one based on a threshold accepting algorithm. Before we report our initial experience with this advanced approach, we discuss some practical issues relating
to its implementation. We first explain how to generate small perturbations of a
scenario tree configuration. For a given a configuration we use a Poisson process
to randomly select the sub-simplices that will be merged with other sub-simplices.
By sampling from another Poisson process we also determine the simplices that
will be further partitioned. The use of Poisson processes ensures that certain
discretization points will randomly “depart” and “arrive” in the scenario tree.
However, the number of nodes of the tree may never exceed a certain budget.
Our sampling is designed to make “arrivals” of new discretization points more
likely in early decision stages, while “departures” of existing discretization points
are more likely in late stages. This accounts for the general consensus in stochastic programming literature that scenario trees should have a higher branching
factor in the initial periods [15]. In our implementation the threshold parameter
τ is initially set to 100 and reduced by 10% whenever a reduction is required. The
threshold is reduced if the scenario tree remains unchanged for three iterations.
After five iterations with no change the algorithm terminates.
The main goal of our numerical studies is to find scenario trees that are numerically tractable yet have a small error. Our first numerical experiments show
that a threshold accepting scheme can be beneficial. In Figure 4 we show how
the algorithm reduces the error as it attempts to find an optimal discretization.
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Figure 4: Error reduction by threshold accepting algorithm (barycenter splitting).

The error is reduced dramatically after only a few iterations. From Figure 4 one
concludes that for the problem under consideration there exist at least two local
minima. The algorithm appears to be able to jump from one cluster of local
minima to the next. However, the approximation error never drops below 250 in
the first 100 iterations.
The approximation error can be further reduced by using an alternative partitioning strategy. Instead of introducing a new point at the barycenter of an
existing simplex, thereby subdividing it into N + 1 sub-simplices, we may introduce a new point in the middle of one of its edges.8 In doing so, the initial simplex
is split into two sub-simplices only, see Figures 2(c) and 2(d). “Edge splitting”
has the advantage that the diameters of the sub-simplices can be made uniformly
small, which is a prerequisite for the theoretical convergence result in Section 5.
The “barycenter splitting” technique considered before fails to have this property
since edges are never split. However, it produces N + 1 sub-simplices per additional vertex, which is superior to the mere two sub-simplices for edge splitting.
8

We use the standard convention that an edge of a simplex is the line segment between two

of its vertices.
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Figure 5: Error reduction by threshold accepting algorithm (edge splitting).

We tested our threshold accepting algorithm also in conjunction with the edge
splitting strategy, while randomly selecting the edges to be cut in half. Figure 5
indicates that the approximation error decreases slower if edge splitting is used
instead of barycenter splitting. However, the approximation error is virtually
eliminated after 90 iterations although tree size does not increase after the tenth
iteration.
Our preliminary results suggest that randomized algorithms can be used to
find the best bounding scenario tree from a set of trees that do not exceed a
certain size. In the future we will allow the simplicial partitions of the state
spaces to be path dependent. This increased flexibility will be exploited to achieve
a specified error tolerance with even smaller scenario trees and, in addition, to
address more complex portfolio problems with many decision stages. Future
research will also focus on keeping the time discretization flexible when searching
for optimal scenario trees. However, much more work is required in order to find
efficient and theoretically appealing methods for solving this problem.
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