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Abstract
A technique based on Cantor division is used to embellish artistic knotwork designs. Weaving rules are relaxed to
allow a mostly alternating weave to be applied to the resulting patterns. The new method is compared to traditional
knotwork, and the generation of examples is discussed.
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1. Introduction
Celtic knotwork is an ornamental art style that
has been practised for thousands of years. The knotwork designs found in illuminated religious manuscripts such as the Book of Kells from the 6th
century AD and the Lindisfarne Gospels from the
8th century AD are widely considered to be its high
point. The most important study of this art form is
George Bain’s book Celtic Art: The Methods of
Construction [1].
Fig. 1 (left) shows a simple knot in the Celtic style.
Typically, a single interlaced cord is used to trace a
complex design to ﬁll an area. Celtic knotwork is
generally alternating in nature; tracing a path along a
cord, the crossings will alternate over, under, etc.
Shortly after the release of Bain’s book, Thurston [2]
proved that it is possible to impart an alternating weave
to any set of interwoven curves that:
1. are ﬁnite and closed,
2. contain no points at which more than two cords
cross, and
3. do not touch at any point without crossing.
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These conditions hold for traditional Celtic knotwork
designs.
Bain’s passion for Celtic art was taken up by his
son, Iain, who examined knotwork construction from
a more geometrical perspective [3]. I. Bain demonstrates
the technique of adding complexity to a design by
splitting cords into parallel subcords that follow
similar paths but with opposed parity at each crossing
point t. For instance, Fig. 1 (left) shows a singleinterlaced design and Fig. 2 (right) shows its double-interlaced counterpart. Note that wherever there
exists an overpass on one subcord, then the matching
crossing the same distance along the other subcord
is an underpass, and vice versa. An alternating weave
can always be imparted to a correctly n-interlaced
design.

2. The Cantor set
The Cantor set is produced by taking the interval
[0, 1], removing the middle third, removing the middle
third of each of the two pieces thus created, and so on ad
inﬁnitum [4]. Fig. 2 (left) shows the Cantor set to ﬁve
levels of recursion.
At level n of recursion, there are 2n line segments, each
of length (2/3)n. The Capacity Dimension D (also called
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Fig. 1. A knot in the Celtic style and its double-interlaced counterpart.

Fig. 2. The Cantor set and a Cantor braid.

the Fractal or Hausdorff Dimension) of the completely
expanded Cantor set is given by
D ¼ ln 2= ln 3 ¼ 0:630929 . . .
The function CantorInterval( ) described in Listing 1
prints to ﬁle a line segment, then recursively applies the
same operation to the left and right thirds of this
segment. The C++ program shown in Listing 2 uses
this function to write a complete Adobe PostScript 3.0
ﬁle ‘‘cantor.ps’’ that displays the Cantor set to a given
level of recursion. The recursion level may be speciﬁed as
a program argument (default is 8).
Code Listings
Listing 1. Recursive calculation of Cantor intervals to
speciﬁc depth.
// CantorInterval( ): Prints a given cantor interval
// to ﬁle and iterates to the next level
//
// Parameters:
//
fp:
pointer to output ﬁle
//
level:
current level of iteration

//
max_level: maximum level of iteration (re//
cursion limit)
//
a, d:
end points of the current interval
//
void CantorInterval(FILE* fp, int level, int
max_level, ﬂoat a, ﬂoat d)
{
fprintf(fp, ‘‘%f %f moveto %f %f lineto\n’’, a,
level+0.5, d, level+0.5);
if (levelomax_level)
{
ﬂoat b ¼ a+(d–a)/3.0;
ﬂoat c ¼ a+(d–a)/1.5;
CantorInterval(fp, level+1, max_level, a, b);
CantorInterval(fp, level+1, max_level, c, d);
}
}
Listing 2. Program to display the Cantor set to a
speciﬁed depth in Adobe PostScript 3.0 format.
#include /stdio.hS
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#include /stdlib.hS
void main(int argc, char* argv[ ])
{
int max_level ¼ (argco2) ? 8 : atoi(argv[1]);
FILE* fp ¼ fopen(‘‘cantor.ps’’, ‘‘w’’);
if (fp ! ¼ NULL)
{
fprintf(fp, ‘‘%%!PS-Adobe-3.0\n10 10 translate
\n500 50 scale\n\n’’);
fprintf(fp, ‘‘0 setgray\n0.5 setlinewidth\n\nnewpath\n’’);
CantorInterval(fp, 0, max_level, 0, 1);
fprintf(fp, ‘‘stroke\n\nshowpage\n’’);
fclose(fp);
}
}

Fig. 3 shows how the Cantor braid may be applied to
a closed loop. An incision with diameter equal to 1/3 of
the loop width is made along the loop’s centerline. This
incision may be stretched along the centerline; if
completely stretched all the way around the loop then
it will join itself to completely cut the loop into two
parallel loops, each 1/3 the width of the original. This
double loop is equivalent to that used by I. Bain for
double-interlacement.
Fig. 4 shows some more complex incision patterns.
Fig. 4 (left) shows a long level 1 incision accompanied by
left and right level 2 incisions, while Fig. 4 (right) shows
a number of periodic level 1 and level 2 incisions,
demonstrating how multiple incisions may exist per
level. For any interval In along which a level n incision
occurs, there must also exist a parent incision at level
n1. In other words, it is not allowed to skip levels when
making successively smaller incisions.

3. Cantor braids and Cantor loops
The idea behind the Cantor set provides a novel
method for introducing partial n-interlacement into a
knotwork design. Fig. 2 (right) shows a single cord ﬁxed
at the top and split into successively smaller cords of 1/3
width that are ﬁxed to the bottom. This construction
may be called the Cantor braid, although it is not strictly
a braid in the knot theory sense as there is a one-tomany mapping from top to bottom (see Sossinsky [5] for
a good introduction to the ﬁeld of knot theory).

4. Weaving Cantor knots
Fig. 5 (left) shows a trivial knot that is isomorphic
with the unknot. Fig. 5 (middle) shows the cord selfweaving through a single level 1 incision; this shape is no
longer isomorphic with the unknot (note that each
incision increases the shape’s genus by 1). Fig. 5 (right)
shows a more complex shape achieved by self-weaving

Fig. 3. A loop with a 1/3 incision stretched around to cut it into two loops.

Fig. 4. More complex incision patterns.
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Fig. 5. A trivial knot, a Cantor knot with a single-woven level 1 incision, and a Cantor knot with multiply-woven level 2 incisions.
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Fig. 6. Split weave rule: a bad weave (left) and an acceptable
weave (right).

two level 1 and four level 2 incisions. Such designs with
self-woven incisions shall be called Cantor knots.
Fig. 6 demonstrates how a mostly alternating weave
can be imparted to Cantor knots. Firstly, a split is
deﬁned as a cord interval between consecutive crossings
at different levels of incision. Fig. 6 (left) shows a bad
weave that may result across a split. Following the
vertical cord from a to b and from a to c, the alternating
weave is maintained; however, alternation is lost when
following the horizontal cord from b to c.
It is not possible to achieve perfect alternation
both along and across a split at once. However, a
reasonable solution can be achieved by alternating the
weave across the split (i.e. in the direction of greatest
weave frequency) and not caring about the weave along
the split direction. This provides a degree of freedom
that ensures that any Cantor knot can be woven
successfully.
Fig. 6 (right) shows the split weave rule in action.
The parity of crossing c has been inverted to c0 so

Fig. 7. Higher levels of recursion do not necessarily provide a
more interesting weave.

that the lowermost horizontal cord across the split
now alternates from b to c0 . The vertical cord alternates from a to b but no longer alternates along the split
from a to c0 . Since this non-alternation occurs along a
size reduction, its visual impact is reduced and the
resulting weave is acceptable. Crossings of opposite
parity (b0 and c) could have been used instead with a
similar result.
One limitation of Cantor knots is that they only allow
n-interlacement where n is a power of 2 ¼ {1, 2, 4,
8, 16, 32y}, hence triple-interlacement is not possible.
However, this is not a serious drawback, as triple
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Fig. 8. An embellished knot woven at levels 0, 1 and 2, with source knot (inset).

Fig. 9. An embellished knot woven at level 3, with source knot (inset).

interlacement and ﬁner is rare in traditional Celtic
knotwork. In fact, higher levels of division do not
necessarily provide a more visually interesting weave, as
demonstrated by Fig. 7; a design tends to lose some of its
appeal once the weave becomes difﬁcult to interpret.

5. Examples
Fig. 8 shows a decorative pattern based on these
principles. Level 1 and level 2 incisions are applied to a
source knot (inset) and self-woven. Three levels of weave
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occur: level 0 (i.e. full-width cord) near the center of the
design, level 1 half-way out, and level 2 towards the
outer periphery. The source knot is based on a
traditional design found on a cross-slab stone in Ulbster,
Caithness [1], adapted from its original square grid to a
hexagonal one.
Fig. 9 shows a design with a simpler source shape
(inset) but a more complex level 3 weave. This ﬁgure
reinforces the point that a higher level of recursion
does not necessarily produce a better pattern, and
demonstrates that the ﬁner the weave, the more basic
the source shape must be. Note also that the higherlevel weave leads to a ﬂatter-looking result. The
source knot, a trefoil, is a common feature in traditional knotwork, where it is typically used to ﬁll small
gaps.
The ﬁgures for this paper were created in Adobe
PostScript 3.0 format. C++ code based on that shown
in Listings 1 and 2 was used to generate ﬁlled shapes for
most ﬁgures. The rendered full color images (Figs. 8 and
9) were then imported into Adobe Photoshop, and
color, texture and shading ﬁlters applied.

6. Conclusion
This paper demonstrates how incisions made to
knotwork designs can be self-woven to add complexity.
The author knows of no traditional Celtic knotwork
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designs that employ this technique; it is a novel addition
to the art form rather than a reconstruction of a known
method.
Future work might include a more rigorous analysis
of the split weave rule, and a formal proof that a given
Cantor knot can always be woven successfully.
It may be interesting to reinterpret some traditional
Celtic knotwork designs as Cantor knots of varying
incision level and style. Of course, incisions do not have
to lie exactly along the current cord’s centerline, nor do
they have to be exactly 1/3 of the current cord width;
these are just natural and convenient default values that
reinforce the conceptual relationship between Cantor
knots and the Cantor set. It may also be interesting to
weave parallel subcords along the cord path in a plait
rather than across it.
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