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ABSTRACT
We show how the popular mean-field approach for analysing
Markovian models of massively-parallel computer systems
can be extended to incorporate generally-timed transitions.
Specifically, in the context of a simple peer-to-peer software
update model, we show how systems of delay differential
equations can be formally derived from such models. Finally,
we verify empirically that the approximation is accurate and
converges under the usual mean-field scaling.

1.

INTRODUCTION

Mean-field or fluid-approximation techniques have become
very popular recently as a means of addressing the statespace explosion problem for Markov chains consisting of
large populations of interacting components [3, 4, 2, 7]. This
kind of approach is usually based on the construction of ordinary differential equations (ODEs) from a Markovian model
which approximate the evolution of the mean number of
components in each of their local states over time.
In this paper, by means of a simple example, we will
show how this style of approach can be extended to deal
with performance models allowing both exponentially- and
deterministically-timed transitions. In particular, we will
see how this allows us to analyse large systems incorporating deterministic timeouts, which are an important feature
of many real-world computer or networking protocols. Finally, we will show how the approach can be extended further to allow generally-timed transitions.
The underlying discrete stochastic process of such a model
is a generalised semi-Markov process (GSMP) [10]. In particular, the process is no longer necessarily Markovian since
the future evolution of the model may depend on the amount
of time elapsed for any enabled non-exponentially-timed transition. Although general theoretical techniques exist for the
analysis of such GSMP models (e.g. [6, 8]), it is not surprising that they suffer from the state-space explosion problem
just as in the purely Markovian case. Indeed, the complexity
of these techniques still depends at least linearly on the number of discrete states in the model and thus exponentially
on the number of interacting entities. Furthermore, many of
these approaches impose very significant structural require-
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ments on the enabling of non-exponential transitions (e.g.
[11]). An alternative approach would be to approximate all
non-exponential times by suitable phase-type distributions.
For example, deterministic times can be approximated by kstage Erlang distributions. Replacing generally-distributed
holding times with their phase-type approximations results
in an approximate Markovian model which could then be
treated with the existing Markovian mean-field approaches.
However, this is often impractical since the number of phases
must often be very large to obtain an accurate approximation.
Mirroring the Markovian mean-field approach, we will show
instead how a system of delay differential equations (DDEs) 1
approximating mean component counts can be derived directly from the dynamics of the underlying stochastic process. This small system of equations can then be solved numerically in a scalable manner since its size is independent
of those of the component populations.

2.

A SIMPLE EXAMPLE

We consider a very simple
Transition Rate
model of a peer-to-peer software
x→y
λ
update process. There are two
y→x
ρ
general classes of nodes in this
z→x
ρ
system which we term old and
βu
y→u
N
updated. Old nodes are those
v→u
λ
running the old software version
u
→
v
ρ
and new nodes are those which
have been updated to the new
Table 1: Markovian
version. Both types of nodes altransitions for peer-toternate between being on and
peer software update
off. When an updated node is
model, where u is
on, an old node may locate it and
the current number of
nodes in the state u.
subsequently update itself in a
peer-to-peer fashion. Whenever
an old node comes on, it polls the network for new nodes
(so it can be updated) before giving up if it does not find
one in a deterministic amount of time γ. Updated nodes
have two states which are just on and off, which we write
as u and v, respectively. Old nodes have three states: on
(y), off (x) and a state representing an old node which is on
but has given up seeking updates (z). All transitions except
for the deterministic timeout are Markovian and are given
in Table 1, where N is the total component population. We
follow the usual methodology for the stochastic modelling
1
As opposed to ODEs, DDEs specify derivatives of quantities in terms of both their current and their historical values.

Derivation of DDEs

Let xt be the number of nodes in state x at time t and
similarly for the other states. Then St = (xt , yt , zt , ut , vt ) is
the discrete aggregated state vector. Also individual states
of this process are written s = (x, y, z, u, v) and furthermore, the notation sy+1 ,u−1 , for example, represents the
state (x, y + 1, z, u − 1, v). We proceed by considering what
is possible in a small period of time δt, considering separately the cases of no transitions, one exponential transition
and one deterministic transition:
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+ P({St = sy+1 ,z−1 } ∩ {1 det. in [t, t + δt]})
+ o(δt)

(3)

Eq. (2) evaluates in the usual manner as:
δt(P{St = sx+1 ,y−1 }λ(x + 1) + P{St = sy+1 ,x−1 }ρ(y + 1)
+ P{St = sz+1 ,x−1 }ρ(z + 1) + P{St = sv+1 ,u−1 }λ(v + 1)
β(y + 1)(u − 1)
N
+ P{St = su+1 ,v−1 }ρ(u + 1)) + o(δt)
+ P{St = sy+1 ,u−1 }

(4)

By the Markov property, Eq. (1) can be written as:

which is just:
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Figure 1: DDE approximation (solid line) compared with actual
means for N = 20, 50 and 100 (dashed lines). Initial component
proportions are (0.9, 0, 0, 0, 0.1) and parameters are λ = 0.2, β =
2.0, ρ = 0.1 and γ = 1.5.
βu
N

y

u
c

c
γ

λ

µ(c)

c
z µ(c) x

µ(c)

λ
v

Updated node

Old node

Figure 2: GSMP representation of the behaviour of a single node
in the software update process model with generally-distributed
on-times.
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(6)

Note that:
lim P({1 det. in [t, t + δt]})/δt = 1t≥γ lim

δt→0

1
P({x → y in [t − γ, t − γ + δt], 6→ u and 6→ x before t})
δt
Then by conditioning on a transition x → y in [t − γ, t − γ +
δt], we see that this is:

 Z t

βus
ds
(7)
1t≥γ λ exp(−ργ)E[xt−γ ]E exp −
t−γ N


β ũ(s)
ds
N

DDEs for the other four quantities can be derived similarly.
These can then be integrated numerically using, for example, the dde23 routine in MATLAB R . Figure 1 compares the
DDE approximation with the actual values computed by
stochastic simulation. All component counts are rescaled by
the component population size N and we see that under this
regime, we appear to have mean-field convergence.

3.

−λE[yt xt ] − ρE[yt2 ] − ρE[yt zt ]

δt→0

0.2

t−γ

(5)

δt→0

β
E[yt2 ut ] − λE[yt vt ] − ρE[yt ut ]
N

0.4

 Z
− 1t≥γ λ exp(−ργ)x̃(t − γ) exp −

E[yt+δt ] − E[yt ]
=
δt
λE[(yt + 1)xt ] + ρE[(yt − 1)yt ] + ρE[yt zt ]
β
+ E[(yt − 1)yt ut ] + λE[yt vt ] + ρE[yt ut ]
N
− lim P({1 det. in [t, t + δt]})/δt

−

0.6

β
˙
ỹ(t)
= − ρỹ(t) − ỹ(t)ũ(t) + λx̃(t)
N

Multiplying by y and then summing each of Eqs. (3), (4) and (5)
over all states s, we may obtain:
δt→0
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Finally, applying the approximation E[f (X)] ≈ f (E[X]) to
Eqs. (6) and (7) for random variables X which is common
to the derivation of mean-field equations, we may derive the
following DDE whose solution ỹ(t) approximates E[yt ]:

P{St = s}P{0 exp. in [t, t + δt] | St = s}
×P{0 det. in [t, t + δt] | St = s}
P({St = s} ∩ {0 det. in [t, t + δt]})
βyu
− P{St = s}δt(λx + ρy + ρz +
+ λv + ρu)
N
× P{0 det. in [t, t + δt] | St = s} + o(δt)

60

(a) Old nodes

P{St+δt = s}
= P({St = s} ∩ {0 trans. in [t, t + δt]})
+ P({St+δt = s} ∩ {1 exp. in [t, t + δt]})
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of epidemics in that the chance of an old node finding an
updated one in a small period of time is proportional to the
number of available updated nodes.

GENERAL DISTRIBUTIONS

In this section we show briefly how the approach of the last
section can be extended to consider generally-timed transitions. In particular, we consider the same model as in the
previous section but where the time for which a node (either
old or updated) remains on is given by an arbitrary distribution with, say, cumulative distribution function F (t), probad
F (t) and instantaneous rate
bility density function f (t) := dt
f (t)
function µ(t) := 1−F (t) . A representation of the behaviour
of a single node as a GSMP is given in Figure 2. The deterministic timeout behaviour is also kept in the model and
represented by the dashed transition. In all of the states y,
z and u, a continuous state variable c is required to keep
track of the elapsed time since the node originally came on.
The value of c is maintained over transitions between these
three states so that if a node is updated or the deterministic
transition fires, this clock is not reset.
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ing times in the original model and then solving instead the
resulting much larger system of standard mean-field ODEs.
However, recent work of Lubich [9] proposes
a fast alRt
gorithm to compute convolution integrals 0 f (t − s)g(s)ds
where the function g(t) is not known in advance but computed from the value of the convolution at time t. It has
O(Nt log(Nt )) time complexity and can be used to construct Runge–Kutta [5] methods capable of solving equations such as those constructed in this section numerically
also in O(Nt log(Nt )) time. Investigating how these approaches compare with the complexity of a sufficiently accurate phase-type approximation followed by traditional Markovian mean-field analysis is the subject of our current research.
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Figure 3: DDE approximation (solid line) compared with actual
means for N = 20, 50 and 100 (dashed lines). Initial component
proportions are (0.9, 0, 0, 0, 0.1) and parameters are λ = 0.2, β =
2.0 and γ = 1.5. The on-time has a Pareto distribution with
scale parameter tm = 1.5 and shape parameter α = 0.9, so that
F (t) = 1 − ( tm
)α for t ≥ tm and F (t) = 0 otherwise.
t

4.

The mean-field equations may be derived by following a
similar procedure to that of the previous section. The presence of general distributions introduces convolution integral
terms which depend on the entire history of the solution,
weighted appropriately by the corresponding density f (t).
For the sake of brevity, we will not give a detailed derivation of the mean-field equations here as we did in the previous section. Instead, we present the equation for ỹ(t)
(the largest equation in the system of five equations) and
give heuristic justification for the terms which constitute its
right-hand side:

5.

drift due to exponential transitions

z
˙
ỹ(t)
=

−

}|

{

β
ỹ(t)ũ(t) + λx̃(t)
N
drift due to transitions y→x

}|

z

{

prob. y6→u in [t−s,t]

Z

z

 Z t}|
{
β ũ(b)
exp −
db f (s) ds
N
t−s

γ∧t

−
0

λx̃(t − s)
| {z }

x→y rate at t−s
drift due to transitions y→z

}|

z
−1t≥γ

prob. y6→x in [t−γ,t]

λx̃(t − γ)
| {z }

x→y rate at t−γ

z }| {
(1 − F (γ))

 Z
exp −

t
t−γ

|

β ũ(b)
db
N

{z

prob. y6→u in [t−γ,t]

This system can be solved numerically by adapting standard routines such as dde23 in MATLAB R to keep track of the
entire history of the solution (suitably discretised). Figure 3
compares the DDE approximation with the actual values
computed by stochastic simulation. Here we have used a
Pareto-distributed on-time. As before, all component counts
are rescaled by the component population size N and we see
again that we appear to have mean-field convergence.
More specifically, we have constructed in this section essentially a system of non-linear Volterra integro-differential
equations of convolution type [1]. The naı̈ve approach to
computing solutions to such equations numerically requires
the entire history of the discretised solution to be kept in
memory and the recomputation of the convolution integral
terms at each time step. This results in the computation
time being dependent quadratically on the number of discretisation steps, say Nt . In such cases, it is not entirely
clear whether or not this approach is more or less efficient
than first fitting phase-type approximations to general hold-

CONCLUSION

In this paper we have shown that delay differential equations (DDEs) provide a promising avenue for the efficient
analysis of massively-parallel systems which include generallytimed transitions. In addition to that already discussed,
future work includes extending these techniques to obtain
higher-order moments (cf. [7]) and rewards (cf. [12]) from
such models. Additionally, formal proof of mean-field convergence and error bounds would provide greater confidence
in the approach.
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