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ABSTRACT
This tutorial surveys the fundamental results of the theory of martingales from the perspective of the performance
engineer. We will present the fundamental results and illustrate their power through simple and elegant proofs of
important and well-known results in performance analysis.
The remainder of the tutorial will introduce the martingale
functional central limit theorem and semi-martingale decomposition methodology for the characterisation and proof of
heavy-traffic limit results for Markovian queueing systems.
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1.

OVERVIEW
A stochastic process X = {X(t)}t≥0 is a martingale 1 if:
E[X(t + s)|(X(u))u≤t ] = X(t) with probability 1

for all s, t ≥ 0.
Martingales constitute a very important class of stochastic processes about which very strong, and often intuitively
surprising, general statements can be made. In addition
to their interest from a purely mathematical point of view,
they have key applications in applied probability, perhaps
most crucially to the proof of so-called heavy-traffic limits
of queueing systems [9, 5], and, relatedly, mean-field or fluid
limits in other settings [3, 1, 6].
The aim of this tutorial is to provide an accessible introduction to the theory of martingales for the non-expert, with
a specific emphasis on applications of interest to practitioners in the performance analysis community.
We will first cover the basic definitions and fundamental
results, including the optional stopping theorem, the maximal inequality, the upcrossings inequality and the martingale
convergence theorems. We will illustrate the practical power
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Or a submartingale if equality is replaced with ≥ in the
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of even these basic results by showing how they yield simple and elegant proofs of some of the fundamental results
of performance modelling, for example, the famous PASTA
(Poisson Arrivals See Time Averages) property [12] and the
fact that the best phase-type approximation to a deterministic delay is Erlang [4].
In the second part of the tutorial, our focus will be on the
powerful martingale approach for establishing heavy-traffic
limits of queueing networks [9, 10, 8, 11, 7]. This will rest on
the decomposition of the components of the queueing processes into sums of martingales and predictable 2 processes
according to a version of the Doob–Meyer decomposition theorem:
Theorem 1 (D–M decomp. of submarts. in R≥0 [9]).
If X is a submartingale with paths in R≥0 and E[X(t)] < ∞
for each t ≥ 0, then there exists a predictable process A,
called the compensator of X, such that A has non-negative,
non-decreasing sample paths, E[A(t)] < ∞ for each t ≥ 0
and M := X −A is a martingale. The compensator is unique
in the sense that the sample paths of any two versions must
be equal with probability 1.
This will then allow application of the martingale functional central limit theorem (FCLT), which concerns the convergence of appropriate martingales to (multi-dimensional)
Brownian motion:
Theorem 2 (Martingale FCLT [9]).
For n ≥ 1, let Mn be a sequence of (local) martingales in Dk
3
with Mn
0 = 0. Let C = (cij ) be a k×k non-negative-definite
symmetric real matrix. Assume further that each Mn is
(locally) square integrable so that the predictable quadratic
co-variation processes:
1
(hMin + Mjn i − hMin − Mjn i)
4
can be defined, where the predictable quadratic variation hM i
of a martingale M is defined to be the unique compensator
of the non-negative submartingale M 2 given in Theorem 1.
Then if the expected values of the maximum jump of hMin , Mjn i
and maximum squared jump of Mn are asymptotically negligible as n → ∞, and hMin , Mjn i(t) ⇒ cij t as n → ∞ for
each t ≥ 0, we have:
hMin , Mjn i :=

Mn ⇒ B weakly in Dk as n → ∞
2
The value of a predictable process at time t is known given
the information about the process up to (but not including)
time t.
3 k
D is the space of right-continuous functions with left limits
taking values in Rk .

where B is a k-dimensional Brownian motion having mean
vector E[B(t)] = 0 and covariance matrix E[B(t)B(t)T ] =
Ct for t ≥ 0.
More concretely, in this tutorial we consider sequences
of Markovian many-server queues which can be described
in terms of thinnings of (possibly infinite) sets of Poisson
processes [2]. The characterisation and proof of heavy-traffic
limits then follows approximately the following recipe:
1. Decomposition of the queueing processes into sums of
martingales and predictable processes (semi-martingale
decomposition). Proof of the representation by exploiting properties of stochastic integrals such as those in [2,
Page 10].
2. Verification of conditions of the martingale FCLT: proof
of convergence of the predictable quadratic variation
— usually relies on an auxiliary fluid limit result that
follows from an appropriate stochastic boundedness
lemma. Again, martingale inequalities are the powerful tools of choice for establishing these boundedness
results.
3. Convergence to the limit process then follows by combining the FCLT with the continuous mapping theorem
(CMT).
We will illustrate this approach with examples taken from
the literature.
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