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Abstract

We present a functional central limit theorem which quantifies, as a stochastic process, the difference
between a PEPA model’s underlying CTMC and its fluid approximation. We generalise existing theory
to handle the case of non-smooth rate functions, which is an issue particular to modelling problems in
computer science. We verify the weak convergence empirically and suggest future avenues for deducing
more analytic approximations from it.

1 Introduction

Fluid-analysis of performance models offers the exciting potential of analysing massive state spaces at
small computational cost. In the case of stochastic processalgebra models, fluid-analysis involves ap-
proximating the underlying discrete state space with continuous real-valued variables and describing the
time-evolution of those variables with ordinary differential equations (ODEs). This approach was first ap-
plied to a subset of the stochastic process algebra PEPA [1] by Hillston [2], have since been extended and
developed in a number of different directions in the literature [3; 4; 5]. Furthermore, similar ideas have
been applied in other stochastic process algebra [6; 7] and stochastic Petri net [8] formalisms.

Despite the successful and widespread application of thesetechniques, see e.g. [9; 3; 10; 11], many
questions still exist regarding the relationship of the approximation to the original stochastic model —
its underlying continuous time Markov chain (CTMC). In thispaper, we explore one avenue for better
understanding the relationship, a functional central limit theorem, which quantifies second-order deviations
from the first-order fluid approximation. The result is a continuous state space stochastic process, which
lies between the fluid approximation and the underlying CTMCin terms of accuracy and tractability.

In the following section, Section 1.1, we introduce the stochastic process algebra PEPA and in Section 1.2,
we introduce the fluid semantics by means of a simple client/server model for the sake of brevity. In
Section 2, we present the functional central limit theorem and some examples, again in terms of the
client/server model. Then, Section 2.2 discusses the representation of the limit process as the solution
to a stochastic differential equation and the subsequent derivation of its Fokker-Planck partial differential
equation. Finally, we conclude in Section 3.

1.1 PEPA

PEPA [1; 12] as a performance modelling formalism has been used to study a wide variety of systems,
including multimedia applications [13], mobile phone usage [14], GRID scheduling [15], production cell
efficiency [16] and web-server clusters [17] amongst others. It is also adept at capturing large parallel
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software systems, such as peer-to-peer networks [9], to which the style of analysis considered here is
particularly suited.

As in all process algebras, systems are represented in PEPA as the composition ofcomponents which
undertakeactions. In PEPA the actions are assumed to have a duration, or delay.Thus the expression
(α, r).P denotes a component which can undertake anα action at rater to evolve into a componentP .
Hereα ∈ A whereA is the set of action types. The rater is interpreted as a random delay which samples
from an exponential random variable with parameter,r.

PEPA has a small set of combinators, allowing system descriptions to be built up as the concurrent execu-
tion and interaction of simple sequential components. The syntax of the type of PEPA model considered in
this paper may be formally specified using the following grammar:

S ::= (α, r).S | S + S | CS

P ::= P ��
L

P | P/L | C

whereS denotes asequential component andP denotes amodel component which executes in parallel.
C stands for a constant which denotes either a sequential component or a model component as introduced
by a definition.CS stands for constants which denote sequential components. The effect of the syntactic
separation between these types of constants is to constrainlegal PEPA components to be cooperations of
sequential processes.

More information and structured operational semantics on PEPA can be found in [1]. A brief discussion of
the basic PEPA operators is given below:

Prefix The basic mechanism for describing the behaviour of a systemwith a PEPA model is to give a
component a designated first action using the prefix combinator, denoted by a full stop, which was
introduced above. As explained,(α, r).P carries out anα action with rater, and it subsequently
behaves asP .

Choice The componentP + Q represents a system which may behave either asP or asQ. The activities
of both P andQ are enabled. The first activity to complete distinguishes one of them: the other
is discarded. The system will behave as the derivative resulting from the evolution of the chosen
component.

Constant It is convenient to be able to assign names to patterns of behaviour associated with components.
Constants are components whose meaning is given by a definingequation. The notation for this
is X

def
= E. The nameX is in scope in the expression on the right hand side meaning that, for

example,X
def
= (α, r).X performsα at rater forever.

Hiding The possibility to abstract away some aspects of a component’s behaviour is provided by the hiding
operator, denotedP/L. Here, the setL identifies those activities which are to be considered internal
or private to the component and which will appear as the unknown typeτ .

Cooperation We writeP ��
L

Q to denote cooperation betweenP andQ overL. The set which is used
as the subscript to the cooperation symbol, thecooperation set L, determines those activities on
which the components are forced to synchronise. For action types not inL, the components proceed
independently and concurrently with their enabled activities. We writeP ‖ Q as an abbreviation
for P ��

L
Q whenL is empty. Furthermore,P [n] is shorthand for the parallel cooperation ofn

P -components,P || · · · || P
︸ ︷︷ ︸

n

.

In process cooperation, if a component enables an activity whose action type is in the cooperation set it will
not be able to proceed with that activity until the other component also enables an activity of that type. The
two components then proceed together to complete theshared activity. Once enabled, the rate of a shared
activity has to be altered to reflect the slower component in acooperation.



In some cases, when a shared activity is known to be completely dependent only on one component in the
cooperation, then the other component will be madepassive with respect to that activity. This means that
the rate of the activity is left unspecified (denoted⊤) and is determined upon cooperation, by the rate of
the activity in the other component. All passive actions must be synchronised in the final model.

Within the cooperation framework, PEPA respects the definition of bounded capacity: that is, a component
cannot be made to perform an activity faster by cooperation,so the rate of a shared activity is the minimum
of the apparent rates of the activity in the cooperating components.

1.2 First-order fluid analysis

For the sake of brevity, we will not formally present here thefluid semantics for PEPA. It can be found in
different degrees of generality in the literature (e.g. [2;18; 5]). Instead, we will introduce the techniques
by considering a simple case study.

In the PEPA modelSystem below, we have a population ofNC Clients and a population ofNS Servers.
The system uses a 2-stage fetch mechanism: a client requestsdata from the pool of servers; one of the
servers receives the request, another server may then fetchthe data for the client. At any stage, a server in
the pool may fail.

Client
def
= (request , rreq).Client waiting

Client waiting
def
= (data, rdata ).Client think

Client think
def
= (think , rthink ).Client

Server
def
= (request , rreq).Server get + (break , rbreak).Server broken

Server get
def
= (data, rdata ).Server + (break , rbreak).Server broken

Server broken
def
= (reset , rreset ).Server

System
def
= Client [NC ] ��

L
Server [NS ]

whereL = {request, data}.

Since each client and server can be in one of three derivativestates, it is clear that this model has3NC+NS

states in its underlying CTMC, and thus it is quickly intractable to traditional analysis methods. Consider
the three integer-valued stochastic processes which countthe number of theNC clients in each of the three
possible derivative states ofClient . Let these beNC(t), NCw

(t) andNCt
(t) respectively. Similarly, define

for the servers,NS(t), NSg
(t) andNSb

(t). Usingstrong equivalence it is straightforward to show that the
partition of the state space into mutually exclusive subsets, such that all of these stochastic processes take
on the same value in each subset, is alumpable partition, see [1, Chapter 8]. This allows these states to be
combined and the rates aggregated, resulting in a smaller CTMC, for which each state is specified uniquely
by the values of the six stochastic processes defined above. We call this theunderlying aggregated CTMC.
Unfortunately, this simplification does not, in general, solve the state space explosion problem.1 However,
it is a necessary first step for deriving differential equations to perform the fluid analysis.

The idea of the fluid-analysis is to define deterministic, real-valued fluid approximationsv·(t) (defined by
ODEs) to the integer stochastic processesN·(t). In order to construct the ordinary differential equation
which governs the evolution ofvC(t), for example, we consider the aggregate CTMC rate at whichClient

components are lost in the model and the rate at which they aregained, balancing the two quantities in
terms of the fluid approximationsv·(t):

v̇C(t) = −min(vC(t), vS(t))rreq + vCt
(t)rthink (1.1)

1Indeed, the aggregated state space of this model consists ofpotentially 1

4
(2 + Nc)(1 + Nc)(2 + Ns)(1 + Ns) states. For

Nc = 100 andNs = 50, this is6, 830, 226 states. In general, the size of the aggregated space grows quickly as the number of
possible derivative states increases.



That is,Client components are lost only through evolving intoClient waiting components. This happens
by virtue of completing arequest shared action with aServer component, at the aggregate CTMC rate
min(NC(t), NS(t))rreq . Client components are gained only throughClient think components complet-
ing their think action at aggregate CTMC rateNCt

(t)rthink . Similar considerations for the other client
and server components lead to a complete set of six ODEs. These can then be inexpensively integrated to
obtain thev·(t) as deterministic, real-valued functions.

In the case of a general PEPA model, assume that we have a vector-valued stochastic processN(t), defined
onR+ taking values inZN

+ ⊂ R
N
+ , for someN ∈ Z+. Each component of this process counts the number

of a particular derivative state currently active in a parallel group of the model, of which there areN
derivative states in total, across all parallel groups.

Analogously, we define the vector-valued deterministic functionv(t), also defined onR+ and taking values
in R

n
+ to be the first-order fluid approximation of this model. We assume that it is defined uniquely by the

following system of differential equations:

v̇(t) = f(v(t))

and the initial conditionv(0) = N(0). That is, the deterministic functionf : R
N
+ → R

N corresponds
component-wise to the rate at which each derivative state isincremented, minus that at which it is decre-
mented, in a given state of the model. In the case of the above example, we have:

n = 6

N(t) ≡ (NC(t), NCw
(t), NCt

(t), NS(t), NSg
(t), NSb

(t))T

v(t) ≡ (vC(t), vCw
(t), vCt

(t), vS(t), vSg
(t), vSb

(t))T

and:

f(v(t)) ≡











−min(vS(t), vC(t))rreq + vCt
(t)rthink

−min(vCw
(t), vSg

(t))rdata + min(vS(t), vC(t))rreq
−vCt

(t)rthink + min(vCw
(t), vSg

(t))rdata
−min(vS(t), vC(t))rreq − vS(t)rbreak + min(vCw

(t), vSg
(t))rdata + vSb

(t)rreset
−min(vCw

(t), vSg
(t))rdata − vSg

(t)rbreak + min(vS(t), vC(t))rreq
−vSb

(t)rreset + vSg
(t)rbreak + vS(t)rbreak











To see in more detail how an arbitrary PEPA model can be represented in such a manner, the reader is
directed to [18]. Furthermore, it is clear that similar models in other related formalisms might also be cast
into such a representation, thus extending the scope of thispaper beyond just PEPA.

The following theorem, which can be proved using a result of Kurtz [19], is now relatively well known in
the community. It gives a limiting convergence in probability relationship of the first-order fluid analysis
to the underlying CTMC, over bounded intervals of time. Thisconvergence occurs when the component
counts are scaled by the population size and is thus asserting that the relative error of the first-order fluid
analysis decays in the limit of large populations.

In order to state the theorem, consider a sequence of PEPA models which have the same structure of parallel
component groups and differ only in terms of the size of the component populations within these groups.
Furthermore, we require that they all have the same initial proportion of each component type in each case.
Let {Ni(t)}∞i=1 be the associated stochastic counting processes in the notation above, and for eachi, write
Si := N i

1(t)+ · · ·+N i
n(t) for the total component population of modeli.2 So our requirement of constant

initial component type proportions is stated formally as:

N i
k(0)

Si

=
N j

k(0)

Sj

for all i, j > 0 andk ∈ {1, . . . , n}

In the case of PEPA, it is relatively straightforward to see that for anyx ∈ R
N
+ , f(kx) = kf(x) for all

k ∈ R+. Furthermore, since our sequence of PEPA models differ onlyin terms of the initial component

2This does not depend ont because the PEPA operational semantics preserve componentpopulations.
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Fig. 1. Comparison of ODE approximation with scaled traces of theClient andServer counting processes for the client/server
model. Rates used arerreq = 3.0, rthink = 0.3, rbreak = 0.3, rdata = 1.0 andrreset = 0.2.

counts, it is easy to see that the functionf(·) is the same for anyi. These two facts together mean that
we need only define the fluid approximation toN

i(t), say,vi(t) for a particular value ofi, and the fluid
approximation for any otheri can be defined in terms of it. Indeed, for anyi, j > 0, if v̇

i(t) = f(vi(t))
andv̇

j(t) = f(vj(t)) with initial conditions,vi(0) = N
i(0) andv

j(0) = N
j(0), respectively, we have:

v
i(0) = v

j(0) × Si

Sj

andv
i(t) = v

j(t) × Si

Sj

for all t > 0

Thus we choose only to consider the quantityv(t) := v
i(t)/Si, for all t > 0, which we have just seen is

independent ofi. The theorem can then be stated in terms of these quantities as follows.

Theorem 1.1 If Si → ∞ asi → ∞, then, for allδ > 0 andT > 0:

P

{

sup
t∈[0, T ]

∥
∥N

i(t)/Si − v(t)
∥
∥ > δ

}

−→ 0

asi → ∞.

Proof. See Kurtz [19].

Figure 1 shows the effect of this theorem for the client/server example.

2 Second-order approximation (FCLT)

The purpose of this section is to improve upon the fluid approximation of a PEPA model’s underlying
CTMC by constructing a second-order stochastic approximation to the deviation of the CTMC from the
fluid limit. An approach is given in another paper by Kurtz [20], but cannot be applied directly since we
are working with non-smooth rate functions.

However, we will show in this section that we can generalise the theory so that a second-order stochastic
limit does hold, at least as long as the first-order fluid approximation is sufficiently well-behaved. The
proof will draw heavily on results found in [21, Chapters 6, 7& 11].

It is worth mentioning here that the presence of non-smoothness in the rate functions is not unique to PEPA.
Indeed, non-smooth rate functions are also found in continuous stochastic Petri nets [8] and it would appear
that the minimum function in particular is the natural method of modelling synchronisation in the field of



computation. It is therefore important that we are able to deal with non-smooth functions when constructing
stochastic approximations.

In the next section, we illustrate an alternative representation of a PEPA model, which will lead more
naturally to the second-order stochastic approximation.

2.1 Random time change representation of PEPA models

The operational semantics of PEPA [1] specify the underlying CTMC (both aggregated and unaggregated)
for a given model. In particular, this is normally achieved through the specification of the instantanenous
transition rates between states. In this section, we illustrate an alternative representation of the aggregated
CTMC in terms of simple stochastic primitives, which leads more readily to the stochastic limit of interest.

We will work in the same framework as before with our sequenceof structurally identical PEPA mod-
els, with underlying aggregated CTMCs,{Ni(t)}∞i=1 and fluid approximation,v(t). However, we must
now consider the transitions in the aggregated state space individually. For example, in the case of the
client/server model, the transitions in the aggregated state space can be enumerated as:

1. request-transitions of oneClient to oneClient waiting and oneServer to oneServer get at rate
min(NC(t), NS(t))rreq ,

2. data-transitions of oneClient waiting to oneClient think and oneServer get to oneServer at
ratemin(NCw

(t), NSg
(t))rdata ,

3. think -transitions of oneClient think to oneClient at rateNCt
(t)rthink ,

4. break -transitions of oneServer to oneServer broken at rateNS(t)rbreak ,

5. break -transitions of oneServer get to oneServer broken at rateNSg
(t)rbreak ,

6. reset-transitions of oneServer broken to oneServer at rateNSb
(t)rreset

In the more general case, we might represent theK transitions in the aggregated state space by a sequence
of jump vectors,{lk ∈ Z

N}K
k=1 specifying that if thekth such transition occurs at timet, N(t) = N(t−)+

l
k, and a sequence of rate functions,{fk : R

N
+ → R+}K

k=1, specifying the aggregate rate of each transition.
For the example above (K = 6) and in that order of enumeration, we would have:

l
1 = (−1, 1, 0, −1, 1, 0) f1(x) = min(x1, x4)rreq

l
2 = (0, −1, 1, 1, −1, 0) f2(x) = min(x2, x5)rdata

l
3 = (1, 0, −1, 0, 0, 0) f3(x) = x3rthink

l
4 = (0, 0, 0, −1, 0, 1) f4(x) = x4rbreak

l
5 = (0, 0, 0, 0, −1, 1) f5(x) = x5rbreak

l
6 = (0, 0, 0, 1, 0, −1) f6(x) = x6rreset

We now consider a probability space equipped withK mutually independent standard (rate 1) Poisson
processes, say{P k(t)}K

k=1, with the intention thatP k(t) corresponds to transitionk. It can then be shown
that we may representN

i(t) on the same probability space as the unique (in terms of sample-paths) solution
to the following equation:

N
i(t) = N

i(0) +
∑

k∈K

P k

(∫ t

0

fk(Ni(s)) ds

)

l
k

It is also true that defining the CTMC,Ni(t) in this manner is equivalent in distribution to the usual
instantaneous transition rate construction, for eachi. This is probably fairly intuitive and we do not go into
details here. This so-called,random time change representation [21, Chapter 6] is very useful for analysis



since we are able to consider the entire family of processes,{Ni(t)}∞i=1, on the same probability space in
terms of the same small number of stochastic primitives,{P k(t)}K

k=1. It is a key device used in the proof
of the functional central limit theorem, which follows.

Theorem 2.1 Let T > 0 and letT̂ be the subset of{t ∈ [0, T )} for which f(·) is not totally differentiable
at the pointv(t). We require that̂T has Lebesgue measure zero. Then on all of[0, T ) \ T̂, f(·) has a
well-defined Jacobian at the pointv(t), sayD f(v(t)). Extend this to all points{v(t) : t ∈ [0, T )}, say
by defining it to be the matrix of zeros at times inT̂.

Then ifSi → ∞ asi → ∞, then:
N

i(t)√
Si

−
√

Siv(t) ⇒ E(t)

where:

E(t) :=

∫ t

0

D f(v(s)) · E(s) ds +
∑

k∈K

W k

(∫ t

0

fk(v(s)) ds

)

l
k

{W k(t)}K
k=1 is a sequence ofK mutually independent standard Wiener processes (aka Brownian mo-

tions) and the convergence is weak convergence inD
R

N
+

[0, T ), the space ofRN
+ -valued càdlàg3 functions,

equipped with the SkorohodJ1 topology.

Proof. We do not present the proof in detail in this paper, however, avery brief outline is given in Ap-
pendix A.1.

This theorem suggests the following approximation forN
i(t):

N
i(t) ≈ Siv(t) +

√

SiE(t)

Figure 2 shows some comparisons of traces of this second-order approximation with traces of the actual
underlying CTMC for the client/server model. We see the presence of the expected statistical regularity be-
tween the two processes. More useful, however, to validate the results of the above theorem is a comparison
of the root-scaled divergence of the fluid approximation from the CTMC:

N
i(t) − Siv(t)√

Si

with its approximating processE(t). Figure 3 shows trace comparisons of these two stochastic processes
and we can see that as we increase the component populations,the statistical regularity between the two
processes does appear to be increasing.

2.2 SDEs and Fokker-Planck equations

It is possible to show that the stochastic processE(t) defined above is equal in distribution (onD
R

N
+

[0, ∞))

to the unique solution,̄E(t) of the following (It ō) stochastic differential equation (SDE):

dĒ(t) = µ(Ē(t), t) dt + σ(t) dW(t)

whereµ(x, t) : R
N × R+ → R

N andσ(t) : R+ → R
N×K are defined by:

µ(x, t) := D f(v(t)) · x

σ(t) :=
(

lji ×
√

f j(v(t))
)

ij

andW(t) is aK-dimensional standard Wiener process.

3Continue à droite, limitée à gauche, that is, right continuous with left limits.
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Furthermore, from this, we may derive the Fokker-Planck partial differential equation (PDE) (see e.g. [22]),
which governs the evolution of the time-dependent probability density,p(x, t) : R

N × R+ → R+ of Ē(t)
(and thus also ofE(t)). To state this equation, define firstg1

i (x, t) : R
N × R+ → R andg2

ij(t) : R+ → R



by:

g1
i (x, t) := µi(x, t)

g2
ij(t) :=

1

2

K∑

k=1

σik(t)σjk(t)

then the Fokker-Planck PDE is:

∂p

∂t
= −

N∑

i=1

∂

∂xi

[
g1

i (x, t)p(x, t)
]
+

N∑

i=1

N∑

j=1

g2
ij(t)

∂2

∂xi∂xj

[p(x, t)]

Solving this analytically is possible only in a few special cases, however, numerical integration may be
possible whereN is not too large. This would provide a route to direct approximation of probability
distributions of interest in the original CTMC. Furthermore, since in our case,σ and thusg2

ij have no
dependence on the state vector, we are actually dealing witha special subset of the general class of Fokker-
Planck equations, which may yield more easily to numerical solution, or otherwise. It is also highly
probable that simpler systems of equations can be extractedfrom this PDE for specific quantities of interest,
such as first passage-times and steady-state distributions, all of which will be investigated in later papers.

3 Conclusion and future work

We have presented a functional central limit theorem which quantifies, as a stochastic process, the dif-
ference between a PEPA model’s underlying CTMC and its fluid approximation. Our work is based on
a generalisation of the theory found in [21] to handle the case of non-smooth rate functions. We have
demonstrated the convergence empirically using stochastic simulation and outlined avenues for exploiting
it more analytically in future work.
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A Proofs

A.1 Proof of Theorem 2.1

We work with the random time change representation ofN
i(t):

N
i(t) = N

i(0) +
∑

k∈K

P k

(∫ t

0

fk(Ni(s)) ds

)

l
k

By Corollary 5.5 and Remark 5.4 of [21, Chapter 7], we may state the following lemma:

Lemma A.1 A standard (rate one) Poisson process,P (t), can be constructed on the same probability space
as a standard Wiener process,W (t), such that the random variable:

Z := sup
t∈R+

|P (t) − t − W (t)|
log(2 ∨ t)

< ∞ almost surely

Using this lemma, we may construct our CTMC processes,{Ni(t)}∞i=1 on a probability space equipped
with the requiredK mutually independent standard Poisson processes,{P k(t)}K

k=1, but also withK mu-
tually independent standard Wiener processes,{W k(t)}K

k=1, such that, we may also define the random
variables,{Zk}K

k=1:

Zk := sup
t∈R+

|P k(t) − t − W k(t)|
log(2 ∨ t)

< ∞ almost surely

Moreover, define for each1 ≤ i < ∞, W k, i(t) := 1√
Si

W k(Sit), and note that eachW k, i(t) is also a
standard Wiener process by self-similarity. Then we may write:

Zk = sup
t∈R+

|P k(t) − t −
√

SiW
k, i(t/Si)|

log(2 ∨ t)

for all 1 ≤ i < ∞. This allows us to derive the following strong approximation result:

N
i(t) = N

i(0) +

∫ t

0

f

(
1

Si

N
i(s)

)

ds +
∑

k∈K

√

SiW
k, i

(
1

Si

∫ t

0

fk

(
1

Si

N
i(s)

)

ds

)

l
k + O(log(Si))

almost surely. A direct comparison ofN
i(t)−Siv(t)√

Si
with E(t) as defined in the statement of the theorem,

using this strong approximation then yields the result. We omit further details here.


