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Abstract
Stochastic networks defined by a collection of cooperating agents are solved
for their equilibrium state probability distribution by a new compositional
method. The agents are processes formalised in a Markovian Process Algebra, which enables the reversed stationary Markov process of a cooperation
to be determined symbolically under appropriate conditions. From the reversed process, a separable (compositional) solution follows immediately
for the equilibrium state probabilities. The well known solutions for networks of queues (Jackson’s theorem) and G-networks (with both positive
and negative customers) can be obtained simply by this method. Here,
the reversed processes, and hence product-form solutions, are derived for
more general cooperations, focussing on G-networks with chains of triggers and generalised resets, which have some quite distinct properties from
those proposed recently. The methodology’s principal advantage is its potential for mechanisation and symbolic implementation; many equilibrium
solutions, both new and derived elsewhere by customized methods, have
emerged directly from the compositional approach. As further examples,
we consider a known type of fork-join network and a queueing network
with batch arrivals.
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Introduction

The existence of separable (compositional) stationary state probability distributions in certain queueing networks has greatly facilitated tractable models of
performance over the past three decades; see [19, 1, 20, 15, 5, 7], to mention a few
of many sources. However, more general stochastic networks than just networks
of queues are separable at equilibrium, as in [6, 3, 2, 17, 18], for example. These
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have typically been derived in a rather ad-hoc way; guessing that such a solution
exists, then verifying that the Kolmogorov equations of the defining Markov chain
are satisfied and appealing to uniqueness. A more structured way uses properties
of local balance or quasi-reversibility and verifies a set of traffic equations; see [3]
for an excellent survey. We approach the problem in a different, hierarchical way,
by seeking the reversed process of the Markov chain [20] in terms of the reversed
processes of its sub-chains. From a reversed process, a separable solution for the
equilibrium state probabilities follows immediately.
The formalism we use for this hierarchical analysis is PEPA [16], a Markovian Process Algebra (MPA), which has an appropriate recursive structure. The
determination of the reversed process of a certain type of cooperation between
two agents is based on the Reversed Compound Agent Theorem (RCAT) of [11].
This methodology is extended in this paper by considering multiple cooperations
to facilitate the modelling of chains of immediate transitions in a set of two or
more cooperating processes. It is also applied to approximating non-separable
solutions, by finding perturbations to a cooperation’s specifications that render
it compositional.
In Section 2, the salient properties of reversed processes, our MPA-based
formulation and RCAT are reviewed. The methodology is applied to G-networks
with triggers and resets in section 3 and these results are extended with the
introduction of negative, propagating triggers [3] and more general resets that
can also propagate. These resets are quite distinct from those of [8]. Section 4
considers further applications, including a type of fork-join network (leading to
the result on ‘positive triggers’ of [3]) and queueing networks with batches. The
paper concludes in Section 5, where we assess the significance of this work and
outline some directions for further research. The full statement of RCAT is given
in Appendix A.
The methodology unifies many existing product-forms, derived elsewhere over
many years in various, customized ways. Moreover, it generates new ones (to the
author’s best knowledge), such as the aforementioned G-networks with generalised resets. The RCAT-based proofs of product-forms given here are entirely
novel to this paper, providing a serious alternative, or complement, to current
teaching and understanding of separable Markov processes at equilibrium. The
advantages for mechanisation and symbolic evaluation are clear, potentially leading to the automatic generation of steady state theorems by computer.

2
2.1

Background and previous results
Process algebraic formalism

We consider (continuous time) Markov chains that are composed of simpler chains
in a particular way. In order to formulate these chains and the way they interact
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rigorously, we use process algebraic concepts. The agents of a Markovian process
algebra, in which all time delays are exponential random variables, describe syntactically Markov chains with generic patterns in their generator matrices, given
by the rates at which an agent’s actions occur. For example, a single ‘arrival’
action can denote all transitions that increase the state of a queue-process by one
unit. Moreover, synchronisation operators define how agents interact in a concise
manner, using their generic actions’ rates.
We use just two operators to define Markov processes, written in infix form
in the syntax of the PEPA (Performance Evaluation Process Algebra) language
of [16]: prefix and cooperation. New agents are named in the usual way by assignment, A = P , and we use relabeling P {y ← x} to denote the process P in which
all occurences of the symbol y are changed to x, which may be an expression.
Thus, for example, ((a, λ).P ){λ ← µ} denotes the agent (a, µ).P {λ ← µ}.
The prefix operator (called a ‘combinator’ in PEPA) is denoted by a full stop
and defines a process, written in PEPA as the agent (a, λ).P , that carries out
a state-transition, called an ‘action’, (a, λ) of type (or ‘name’) a at rate λ and
subsequently behaves as agent P .
For example, a single server, M/M/1 queue with arrival rate λ and service
rate µ can be defined by the agent Q0 :
Q0 = (a, λ).Q1
Qn = (a, λ).Qn+1
Qn = (d, µ).Qn−1

(n > 0)
(n > 0)

The type a is the generic name for arrivals occurring in any state of the queue and
the type d is the generic name for departures occurring in any positive state. Thus
a and d each denotes an infinite set of state transitions, with one syntactic instance
of the type for each transition it denotes. The subscript 0 in this specification
indicates that the queue is initially empty. If the queue is stable (λ < µ) and we
are interested in its steady state, the process is equally well described by Qn for
any n ≥ 0.
The prefix combinator can describe every instantaneous transition between
any two states of any continuous time Markov chain, and hence is sufficient alone
to define any Markov chain. However, such a specification would usually be
much more opaque than a conventional state transition graph. Hence the prefix

operator is augmented with the cooperation combinator, written 
, to facilitate
L
hierarchical specifications.

In the cooperation P 
Q of two agents P and Q over a set L of action types
L
occurring in P and Q, any action of type a ∈ L can only take place in both
processes P and Q simultaneously. We require that every action with type in L
be active in exactly one of the agents P , Q and passive in (i.e. ‘waits’ in) the
other.1 A passive action is denoted by an unspecified rate, syntactically written
1

This implies a restriction on the class of cooperating Markov processes we can express using
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>. The (joint) rate of the synchronised action is that of the active action of the
pair.
For example, a tandem pair of M/M/1 queues with rates µ1 and µ2 and
 Q0 where:
arrivals to the first queue at rate λ can be described by: P0 
{a}
Pn
Pn
Qn
Qn

=
=
=
=

(e, λ).Pn+1
(a, µ1 ).Pn−1
(a, >).Qn+1
(d, µ2 ).Qn−1

(n ≥ 0)
(n > 0)
(n ≥ 0)
(n > 0)

Here the external arrivals are named e, the external departures (from the second
queue) are named d and the departures from the first queue that join the second
queue, i.e. synchronise with its arrivals, are named a.
We denote reversed entities (agents, actions, action types, action rates) with
an overbar. Thus, in the above example, a denotes the type of the reversed action
with type a, indicated by a set of reversed arrows corresponding to instances of a
in the Markov state transition graph. Similarly, when the context is unambiguous,
λ denotes the rate of the reversed action of an action (a, λ). Notice that in general
these rates need not be the same for all instances of a.
In an agent with a bundle of multiple transitions between two states, the
reversed rate of the aggregate (summed) transition is defined to be distributed
amongst the reversed arcs in proportion to the forward transition rates. This
definition is needed to handle components that can either proceed independently
or cooperate. For example, a service completion at a queue may be able to cause
either an external departure or the transfer of a customer to another queue.

2.2

Reversed Markov processes and RCAT

The reversed process of a stationary Markov process with state space S, generator
matrix Q = [qij |i, j ∈ S] and stationary probabilities π (such that π.Q = 0) is
the stationary Markov process with generator matrix Q0 = [qij0 |i, j ∈ S] defined
by
qij0 = πj qji /πi
and with the same stationary probabilities π. This result is standard, see for
example [20], and immediately yields a solution for π in the form of a product
of ratios of rates in the forward and reversed processes. This is because, in an
irreducible Markov process, we may choose a reference state 0 arbitrarily, find a
sequence of connected states, in either the forward or reversed process, 0, . . . , j
this combinator and in PEPA the restriction is relaxed somewhat by allowing two active actions
to synchronise. The rate of such a synchronisation is an arbitrary semantic choice. The most
appropriate rate relates to the physical mechanism being described and is open to debate.
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0
(i.e. with either qi,i+1 > 0 or qi,i+1
> 0 for 0 ≤ i ≤ j − 1) for any state j and
calculate
j−1
j−1
0
Y qi,i+1
Y qi,i+1
= π0
πj = π 0
(1)
0
i=0 qi+1,i
i=0 qi+1,i


Under appropriate conditions, the reversed agent of a cooperation P 
Q
L
between two agents P and Q is a cooperation between the reversed agents of
P and Q, after some re-parameterisation. The precise statement of this result,
the Reversed Compound Agent Theorem or RCAT, is given in Appendix A.
Although expressed in process-algebraic terms, RCAT is easily applied without
explicit knowledge of process algebra. All that is necessary is the generic grouping
of actions (transitions) of the same type, e.g. arrivals. Its proof establishes
Kolmogorov’s criteria [11], originally established for reversible processes (see [20],
for example). These state that X and Y are reversed processes of each other if
and only if (a) the sum of the outgoing rates from every state (reciprocal of the
mean state holding time) is the same in both X and Y ; (b) for every cycle in
X, the product of the rates around it is equal to the corresponding product of
(reversed) rates in Y (in the opposite direction).
A synchronising action, with type a ∈ L say, may or may not always be
enabled. For example, if P and Q represent queues, a might represent a departure from queue-P (enabled in every derivative (state) of P with non-zero queue
length) and an arrival to queue-Q (enabled in every state of Q). RCAT’s conditions are that every passive action be enabled in every state of both the forward
and reversed components (P, Q and P , Q) and that the reversed rate of every
active action type a be constant, xa say, over all of its instances. The enablement
of action types is easily checked in each component separately (conditions 1 and
2). The reversed agents of these components are assumed known and so the
reversed rate associated with each instance of an active action type (in its own
participating agent) can be determined and checked if it is a constant (condition
3). The equations for these constant rates (xa for action type a) can be posed,
the existence of a solution established and the theorem applied.
2.3

Application of RCAT in practice

The practical application of RCAT, when possible, to any cooperation of two
processes P and Q over a cooperation set L involves three simple steps related
to each process P and Q separately. It is assumed that the symbolic reversed
processes of each of these, P and Q, are known. First, it is checked whether
every state in P has an outgoing action of each type in L that is passive in P ;
similarly for Q. Then it is checked whether every state in P has an incoming
action of each type in L that is active in P ; similarly for Q. Suppose these
conditions are satisfied. Then, from P and Q, the processes R and S respectively
are constructed by symbolically setting the rates of each passive action a ∈ L
5

to the variable xa . The reversed processes R and S are then computed – these
are known by hypothesis. Denoting the (symbolic) reversed rates in R and S of
all the active action types a ∈ L by the expressions νa , constant if condition 3
of RCAT holds, the set of simultaneous equations xa = νa are solved for the xa .
Assume a solution exists. Then, R∗ and S ∗ (say) are constructed from R and S
by making passive those actions a ∈ L for which the corresponding actions a ∈ L
were originally active in P and Q respectively – i.e. by setting their rates to >.
 S∗.

The required reversed process of P 
Q is then R∗ 
L
L
To see the difference between the RCAT and established queueing theoretic
approaches to finding product-forms, consider a two-node Jackson network [19]
with external arrivals and departures at each node and transit of customers between the nodes in each direction. Essentially, RCAT looks at the synchronisations between specific state transitions in their respective Markov graphs. This
involves solving certain linear equations (for the quantities xa ) that arise from
condition 3. In contrast, applying a product-form theorem, such as Jackson’s,
involves solving an explicit set of ‘traffic equations’, checking the theorem’s conditions and applying its result with suitable instantiations given by the solution
of the traffic equations. The two solutions have to be the same by uniqueness of
the invariant solution in a stationary Markov chain, and so, not surprisingly, the
equations for the xa are equivalent to the traffic equations.
To illustrate, let us follow through the steps in mechanically applying RCAT
to this problem. The two queues are symmetrical, each having two arrival
streams (internal, from the other node, and external) and, similarly, two departure streams. The first node, Pn say, is described as follows:
Pn
Pn
Pn
Pn

=
=
=
=

(e1 , λ1 ).Pn+1
(a1 , >1 ).Pn+1
(d1 , (1 − p12 )µ1 ).Pn−1
(a2 , p12 µ1 ).Pn−1

(n ≥ 0)
(n ≥ 0)
(n > 0)
(n > 0)

The external arrivals, named e1 have rate λ1 and the passive arrivals from the
other node are named a1 . The service rate of the node is µ1 and departures go
to the other node with probability p12 (via a transition named a2 ) or leave the
network with probability 1 − p12 (via a transition named d1 ). The other node, Qn
say, is described similarly, interchanging the subscripts 1 and 2, and the network
 Q0 .
is defined by the cooperation P0 {a
1 ,a2 }
By symmetry, we only need to consider node P . Looking at its syntax, its
passive transitions, type a1 are enabled/outgoing in every state n ≥ 0, so condition 1 of RCAT is satisfied. Its active synchronising transitions, type a2 , lead
to all states n − 1 with n > 1, i.e. again, all states n ≥ 0. So condition 2 is
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also satisfied. Informally, the internal departures from each node synchronise,
as active transitions, with the internal arrivals (passive transitions) at the other
node. Thus, being arrivals, all passive transitions are enabled, or outgoing, in
every state and there is also an active transition incoming to every state because
in a single server queue, any state can be reached after a departure (the empty
state included, in contrast to arrivals). Consequently, in the reversed process,
there is a passive synchronising action going out of every state, the arrival that
is the reverse of the corresponding forward departure.
For condition 3 of RCAT, we have to solve the equations xai = νai for i = 1, 2,
where ai is the type of the internal arrivals to queue i (and so also the type of
the internal departures from the other queue than i, i0 say). νa2 is the reversed
rate associated with active action type a2 in node P . This rate is known by the
hypothesis that the reversed process of P is known, but we can easily calculate
it as follows using the M/M/1 basis of node P .
There are two actions that lead from Pn to Pn−1 , n > 1, with types d1 , a2
and rates in the ratio (1 − p12 ) : p12 respectively. Thus νa2 is the product of p12
and the total reversed departure rate, which is just the total forward arrival rate
since the M/M/1 queue is reversible. Again, there are two ‘arrival transitions’,
named e1 and a1 , leading from Pn−1 to Pn with combined rate λ1 + xa1 , after
the substitution for passive action rates leading to the processes R and S in the
application of RCAT. Thus νa2 = p12 (λ1 + xa1 ) and so we solve
xa2 = p12 (λ1 + xa1 )
and the symmetric equation for xa1 . If these equations have a solution, condition
3 is satisfied since each νai is constant. We define
vi = λi + xi
and note that vi satisfies precisely the traffic equations of Jackson’s theorem – xi
is the internal traffic rate.
These entirely mechanical, transition-based steps yield the reversed processes

Q0 :
R and S from which we obtain the reversed process of the cooperation P0 {a
,a }
1


R0∗ {a
S0∗ where:
,a }
1

2

∗
Rn∗ = (e1 , λv11 µ1 ).Rn−1

(n > 0)

Rn∗
Rn∗
Rn∗

(n > 0)

=
=
=

∗
(a1 , (1 − λv11 )µ1 ).Rn−1
∗
(d1 , (1 − p21 )v1 ).Rn+1
∗
(a2 , >).Rn+1

and Sn∗ is defined symmetrically.
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(n ≥ 0)
(n ≥ 0)

2

3

Gelenbe networks and extensions

A simple G-queue is a single M/M/1 queue with negative customers, which may
be represented by a normal M/M/1 queue with arrival rate λ+ (that of the positive
arrivals) and service rate µ + λ− , where µ is the usual rate of service and λ− is
the negative arrival rate. The reversed queue, with aggregated arrival streams,
is then the same M/M/1 queue, with the same arrival and service rates, since
it is reversible. In a G-network (network of G-queues), each G-queue may have
multiple positive and negative arrival streams, together with a server that has
multiple output channels. Each arrival stream has its own rate and each output
channel is selected with a fixed probability. The reversed process is an M/M/1
queue with arrival rate equal to the total positive arrival rate of the G-queue
(i.e. the sum of the rates of the positive arrival streams) and service rate equal
to the sum of the total negative arrival rate of the G-queue and its service rate.
The reversed process is then specified completely for this multi-arrival stream,
multi-departure steam M/M/1 queue by:
• splitting its net service rate (given above) over its departure streams in
proportion to the corresponding rates (of positive arrivals) in the G-queue;
• splitting its arrival rate (given above) over its arrival streams in proportion to the corresponding rates (of departures) in the G-queue, i.e. negative arrival rates and products of service rate and output channel selection
probabilities.
Customers completing service normally at a node i may pass to a node j, as
−
either a positive or a negative customer, with respective probabilities p+
ij or pij ,
or else leave the network. The generic single G-queue, for use in a network, and
its reversed queue are as shown in Fig. 1. Departures from the queue shown go
to another queue with probability p (p+ if positive, p− if negative, p+ + p− = p)
or leave the network with probability 1 − p. External (positive) arrivals have rate
+
λ+
e and arrivals from other queues have rate λi . Depending on the number of
+
−
links with other queues, the actions with rates λ+
i , µp and µp will have to be
split further.
When the queue length is zero, we represent a passive negative arrival to a
G-queue by an ‘invisible’ action from state 0 to itself, with arbitrary rate – being
passive, this rate is unspecified, >. In other words, negative arrivals to empty
queues have no effect whilst still being enabled. The same invisible action will
occur active in the reversed process, with a rate xa , the reversed rate of the other
active instances of the same type (a say), to establish condition 3 of RCAT.
Gelenbe introduced ‘triggers’ into G-networks in [6] as a generalisation of the
concept of negative customers. A trigger is a negative customer that moves a
(positive) customer to node j on arrival at (non-empty) node i with probability
qij+ , with no effect on an empty queue. We call these positive triggers and extend
8

G-queue

Reversed G-queue
µ(1−p)

+
λe

λ+i

µp+
λ−

+
(µ+λ−) λe
+ +
λe + λi

+
(µ+λ−) λi
+ +
λe + λi

µp−

λ+µ(1−p)
µ+λ−
λ+µp +
µ+λ−

λ+λ−
µ+λ−
λ+µp −
µ+λ−

Figure 1: G-queue network node and its reversed queue
this idea to include negative triggers also. On arrival at node i, a trigger may
be either positive or negative. A negative trigger removes a (positive) customer
and sends a trigger to node j with probability qij− . We write qij = qij+ + qij− ,
P
P
so that the probability of a trigger being positive is j qij+ , negative is j qij−
P
and a conventional negative customer is 1 − j qij . A generic negative arrival is
sometimes also called a signal, which can either be a positive trigger, a negative
trigger or only a local customer removal.
The study of product-form G-networks based on queueing theory is significantly different from conventional product-form analyses; for example the property of ‘local balance’ in Jackson networks ceases to hold and the traffic equations become non-linear. In contrast, the RCAT-based approach described in
the previous section goes through unchanged – the only difference is that there
are cooperations between one departure transition type and another as well as
between departure transitions and arrival transitions.

3.1

Two G-queues with triggers

Consider now a two-node network of G-queues with general interconnections
and triggers. Each node i has positive and negative external arrivals with rates
+
−
λ+
i , λi respectively, service rate µi , routing probabilities pij for positive service
−
−
completions and pij for negative service completions, with pij = p+
ij + pij , and
trigger probabilities qij+ for positive triggers and qij− for negative triggers, with
qij = qij+ + qij− , i, j = 1, 2. This network is depicted in Fig. 2.
We exclude pii > 0 and qii > 0 since these represent transitions local to node i,
which must be handled by a modified cooperating component for that node before
applying RCAT. This is not a difficult problem but requires more complicated
notation. We defer our consideration of negative triggers to the next subsection
since they require some additional, preliminary analysis. For now, therefore, we
−
−
assume q12
= q21
= 0.
A PEPA specification of this network is straightforward to write – essentially
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−
q12
−
p12
µ1

+
λ1

−
λ1

−
q21

−
p21

+
q21

+
q12
µ2

+
p12

1−q 12 1−p 12

+
λ2

−
λ2

+
p21

1−q 21 1−p 21

Figure 2: Network of two G-queues
isomorphic to Fig. 2. This would be used in a mechanised analysis but a diagram
is probably the clearest description of a queueing network for human consumption
and so we do not give the PEPA specification here.
We now apply RCAT to this G-network of two nodes. Its conditions are
satisfied since:
1. Positive arrivals are always enabled in a single queue, as are negative arrivals
if we use invisible actions on empty queue states (Condition 1);
2. The reversed actions of the active actions are arrivals and also always enabled (Condition 2);
3. The reversed rates of the active actions a are the rates xa of RCAT and we
will show that a solution for them exists, validating Condition 3.
We therefore solve equations for the reversed rates of the active actions in
the cooperation set; bound to the passive rates in P and Q, the components describing queues 1 and 2 respectively, to give the agents R and S in RCAT. There
are three such passive rates for each component: xp+
(arrivals corresponding to
i
positive service completions at the other component), xp−
i (triggers corresponding
to negative service completions at the other component) and xq+
(arrivals correi
sponding to (positive) triggers from the other component), i = 1, 2 corresponding
to P, Q respectively. We therefore have:
xp+
1

q+
p+
+
µ2 p +
21 (λ2 + x2 + x2 )
=
p−
µ2 + λ −
2 + x2
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p− +
p+
q+
+
(λ−
2 + x2 )q21 (λ2 + x2 + x2 )
p−
µ2 + λ −
2 + x2
p+
q+
+
µ2 p −
21 (λ2 + x2 + x2 )
=
p−
µ2 + λ −
2 + x2

xq+
=
1
xp−
1

(2)

q+
p−
with similar equations for xp+
2 , x2 , x2 , obtained by interchanging the subscripts
q+
p−
+
−
−
+ −
1 and 2 throughout. Writing v1+ = xp+
1 + x1 + λ1 , v1 = x1 + λ1 and v2 , v2
similarly, we find
+
+ +
µ2 p +
v2− q21
v2
21 v2
+
+ λ+
1
−
µ2 + v 2
µ2 + v2−
+
µ2 p −
21 v2
+ λ−
=
1
µ2 + v2−

v1+ =
v1−

with corresponding equations for v2+ , v2− . These are exactly the traffic equations
derived and solved by Gelenbe [6] and lead to the same product-form, as can be
seen by the following argument. The instantaneous ‘horizontal’ rate (i, j) → (i +
+
+
−
1, j) in the forward process is λ+
1 . Its reversed rate is therefore (λ1 /v1 )(µ1 + v1 )
and so the ratio (forward:reversed) of these rates is y1 = v1+ /(µ1 + v1− ). Similarly,
the ratio of the forward:reversed ‘vertical’ rates between states (i, j) and (i, j + 1)
is y2 = v2+ /(µ2 + v2− ). The product form for the stationary probability
πij ∝ y1i y2j

(3)

then follows from equation 1 in section 2.2, choosing a path from reference state
(0, 0) horizontally to state (i, 0) and then vertically to state (i, j). 2

3.2

Multiple cooperations and negative triggers

A negative trigger instantaneously triggers a further customer removal from its
destination node. If this removal is another negative trigger to a further node,
a sequence of customer removals at several nodes ensues, terminating when a
removed customer is not a negative trigger to a node with a non-empty queue.
Hence, the network-state transition induced by an arriving (positive or negative)
trigger at a given node is not uniquely defined locally: there could have been a
sequence of queue length reductions, not just one at the adjacent source-node of
the trigger. Networks with sequences of triggers are considered in depth in [3],
where product forms are obtained using the notion of quasi-reversibility, itself
defined in terms of reversed processes [20]. It is therefore not unexpected that
such triggers can be accomodated in the present, more general approach. They
2

As a check, note that if we chose transitions in the opposite direction, e.g. (i + 1, j) → (i, j)
with rate µ1 (1 − p12 ), we would have reversed rate (µ1 (1 − p12 )/(µ1 + v1− ))v1+ and hence
reversed:forward ratio y1 , as required.
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were considered in terms of inserted instantaneous states in [12], but such an
extension of the process algebraic formalism is not necessary.
Multiple cooperations of this kind are easily described in MPA. Suppose agents
P1 , P2 , . . . , Pn synchronise through an action with type a, which is active in P1
and passive in P2 , P3 , . . . , Pn (n ≥ 2). This is described by the left-associative
multiple cooperation:

 P2 ) 
 P3 ) . . .) 
 Pn
(. . . ((P1 
{a}
{a}
{a}
The successive cooperations

 P2 , (P1 
 P2 ) 
 P3 , . . . . . . , (. . . ((P1 
 P2 ) 
 P3 ) . . .) 
 Pn−1
P1 
{a}
{a}
{a}
{a}
{a}
{a}
define new agents, in which a is active, that cooperate with the next agent in
the sequence, P3 , P4 , . . . , Pn respectively. Henceforth, we assume left-associativity
and omit the brackets. The following extension of RCAT applies to such multiple
cooperations:
Proposition 1 The reversed process of a multiple cooperation

 Pn
 P2 
 P3 . . . L
P1 
L
L
1

n−1

2

n−1
with action types a ∈ L ≡ i=1
Li that are active in P1 and passive in P2 , . . . , Pn ,
is given by the corresponding n − 1 successive applications of RCAT provided that

T

 P2 ;
1. The conditions of RCAT apply for the cooperation P1 
L
1

2. An action with type a ∈ L has a passive instance out of every state of
Pi (2 ≤ i ≤ n) and into every state of Pj (2 ≤ j ≤ n − 1);
3. The rate of reversed passive action type a ∈ L in Pi {>b ← xb |b ∈ PPi }3 , for
positive real numbers xb , is constant over all instances of a (2 ≤ i ≤ n − 1);

 P2 . . . 
 Pi for
4. The conditions of RCAT apply to each cooperation P1 
L0
L0
1

2 ≤ i ≤ n, where L0j = Lj \L (1 ≤ j ≤ n − 1).

i−1

Comment
Notice that conditions 2 and 3 are equivalent to requiring that the conditions
of RCAT apply for each cooperation Pi {>a ← xa , >c ← xc | a ∈ L, c ∈
 Pi+1 , for positive real numbers xa , xc , where the relabeling of >a
PPi \Li } 
Li
makes the action types a active in Pi (2 ≤ i ≤ n − 1).
3

PP denotes the set of all passive actions in the process P .
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Proof
By condition 4, we only need to consider action types a ∈ L. We claim that,
 . . . L
 Pi−1 ) L
 Pi satisfies the
for 2 ≤ i ≤ n − 1, each cooperation (P1 
L1
i−2
i−1
conditions of RCAT and every (joint) state of the cooperation has an incoming
instance of every action with type in L.
The proof of the claim is by induction on i ≥ 2. Let a ∈ L. For i = 2, RCAT
holds by condition 1. Hence, every state of P1 has an incoming active instance
of a; this is equivalent to passive action type a being enabled in every state of
the reversed process of P1 . But by condition 2, every state of P2 has an incoming
 P2 has an incoming instance of
passive instance of a. Thus, every state of P1 
L1
a which will be active in the cooperation with P3 . This proves the base case.
Now assume the claim is true for n − 2 ≥ i ≥ 2 and consider the cooperation
 Pi+1 where Qi = P1 
 . . . L
 Pi . By the induction hypothesis, incoming
Qi 
Li
L1
i−1
active action type a is enabled in every state of Qi (giving condition 1 of RCAT).
By condition 2, (outgoing) passive action type a is enabled in every state of Pi+1
(giving condition 2 of RCAT). The reversed rate of a in Qi is the reversed rate of
the passive action type a in Pi in the cooperation Qi , after binding of the passive
rates according to RCAT, which is valid for Qi by the induction hypothesis. By
condition 3 of the proposition, this reversed rate is constant over all instances of
a ∈ Pi , giving the third condition of RCAT. By condition 2, every state of Pi+1
has an incoming passive instance of a. Hence, by the induction hypothesis, every
 Pi+1 has an incoming instance of a. This proves the claim.
state of Qi 
Li
 Pn by the claim and by
Finally, RCAT holds for the cooperation Qn−1 L
n−1
conditions 2 and 3 of the proposition, as in the inductive step of the proof.
♠
With the invisible passive actions included at queue lengths zero, proposition 1
is satisfied for sequences of negative triggers. However, it is not satisfied for
sequences of positive triggers since there is no incoming passive arrival to state
zero. A modified network that allows sequences of positive triggers is considered
in section 4.1.2.
RCAT is still valid even if there is a cycle in a sequence satisfying the conditions of proposition 1. This is because any sequence is considered two components
at a time, the left of which always has the synchronising active action type a. The
 . . ..
 Q) 
P) 
 Q) 
length of a cyclic sequence may be unbounded, e.g. (((P 
{a}
{a}
{a}
{a}
Thus, in a cycle of negative triggers, it is possible to repeatedly reduce all the
queue lengths until one has become zero.
3.2.1

Two-node G-network with negative triggers

Negative triggers in the two-node G-network of Fig. 2 produce two new passive
q−
actions with rates >q−
1 and >2 , increase the total ‘service’ rate of each node by
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these amounts and add two new equations to the set (2), which now becomes:
xp+
1

=

xq+
=
1
xp−
=
1
xq−
=
1

p+
q+
+
µ2 p +
21 (λ2 + x2 + x2 )
p−
q−
µ2 + λ −
2 + x2 + x2
p−
q− +
p+
q+
+
(λ−
2 + x2 + x2 )q21 (λ2 + x2 + x2 )
p−
q−
µ2 + λ −
2 + x2 + x2
p+
q+
+
µ2 p −
21 (λ2 + x2 + x2 )
p−
q−
µ2 + λ −
2 + x2 + x2
p+
q+
p−
q− −
+
(λ−
2 + x2 + x2 )q21 (λ2 + x2 + x2 )
p−
q−
µ2 + λ −
2 + x2 + x2

q+
p−
q−
p+
q+
+
+
with similar equations for xp+
2 , x2 , x2 , x2 . Writing v1 = x1 + x1 + λ1 as
q−
−
+ −
before, but now v1− = xp−
1 + x1 + λ1 , and v2 , v2 similarly, we obtain

v1+
v1−

+ +
+
v2− q21
v2
µ2 p +
21 v2
+ λ+
=
1
− +
µ2 + v 2
µ2 + v2−
− +
+
v2− q21
v2
µ2 p −
21 v2
+
+ λ−
=
1
−
µ2 + v 2
µ2 + v2−

with corresponding equations for v2+ , v2− . These equations describe a new problem
and a new solution with exactly the same product-form as (3), but with different
vi− , vi+ and hence yi (i = 1, 2).
−
−
Considering as an example the special case with q12
= q21
= 1, a negative
arrival at either queue will repeatedly decrement the length of each queue alternately until one becomes zero. We explore this example further in section 4.1.

3.3

Split passive actions

Suppose state i in a cooperating component P has n outgoing instances of a
passive action with type a. The cooperation is then non-deterministic and to
remove the non-determinism we assign probabilities p1 , . . . , pn to the correspondingly labeled instances 1, . . . , n. Such a passive action is said to be split (with
probabilities) as opposed to multiple, which refers literally to multiple copies.
Without loss of generality, the state entered by instance j is also j, 1 ≤ j ≤ n.
Then, in a cooperation with any active action (a, ν), the jth instance has rate
νpj . In the reversed cooperation, each instance, now active, cooperates at the
rate given by the reversal of its component – the probabilities pj are not used
again explicitly.
The combined rate of the split passive action’s instances is that of the synchronising active action a in a cooperation and so the first condition of RCAT
holds. The second and third conditions apply without change, in the latter case
reversing the process R in which the symbolic rate of instance j of a split passive action is bound to xa pj . The modifications to the proof are very minor and
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left to the reader. The proof of conservation of products of rates around cycles goes through almost verbatim, the probabilities pj modifying the selection
probabilities ψii0 therein; see [11].
Split actions are actually just syntactic sugar to reduce the number of actions
defined explicitly. The passive instances are equivalent to multiple actions of
the same type together with corresponding multiple active actions in the other
cooperating component. The jth instance of these multiple active actions has
rate νpj when the original active action had rate ν. RCAT therefore holds.

3.4

Extensions of G-networks

We can try to apply RCAT to any cooperation between two components, each
defined on a flat state space (i.e. with no cooperations in these components);
if its conditions are satisfied, there will be a product-form solution for an ergodic process. Consider a pair of generalised birth-death processes on the nonnegative integers, where we define arrivals and departures to be subsets of the
state-transitions that define a partition; i.e. every transition is either an arrival
or a departure. Arrivals and departures need not be exclusively increments and
decrements (respectively) in the state, nor necessarily unit. We split these arrival
and departure streams by defining paired arcs in the state transition (derivation)
graph, so that a departure substream cooperates, as the active actions, with a passive arrival sub-stream in the other component, causing (internal) arrivals there
as well as departures locally. The other substream of a pair does not cooperate
and causes only transitions local to its component. This is precisely the situation
we have considered in a network of M/M/1 queues, where the arrival/departure
transitions are all unit increments/decrements respectively.
Suppose now that an arrival to (generalised) queue m = 1, 2 in local state
P
i causes a state change i → j with probability rm;ij , where j rm;ij = 1 for
all states i. Thus, rm;ij = δi+1,j (the Kronecker-delta) defines a conventional
queueing network, and rm;ij = αm δi+1,j + (1 − αm )δi−1,j can define a conventional
G-network for appropriate choices of the αm , where we define δ−1,j = δ0j . Triggers
can be incorporated similarly.
An arrival in state i of queue 1, say, causes a transition to state j with
probability r1;ij ; these are the probabilities of section 3.3 associated with the
split passive arrival-actions in state i. In a cooperation with active departures at
queue 2, the first condition of RCAT is satisfied and Condition 2 is satisfied for
cooperations in which all states have incoming (active) departures in queue 2.
It remains to check Condition 3, without loss of generality for queue 1. Suppose a departure is a unit state-decrement that occurs with total instantaneous
rate µ1 + λ−
1 , arising from a pair of transitions between every pair of states
i + 1 → i, one transition of which cooperates with queue 2 at (active) rate λ−
1,
the other representing a local (external) departure at rate µ1 . Obviously we could
also include conventional departures from queue 1 to queue 2 (that cause unit
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increments at queue 2) by further splitting the departure arc. The reversed rates
of the departure-transitions are not at all obvious in this generalised queue, which
is not reversible in general. Since µ1 and λ−
1 are constants, Condition 3 holds if
0
and only if the reversed rate qi,i+1 of the double departure transition i + 1 → i
with rate qi+1,i = µ1 + λ−
1 is the same for all i ≥ 0. Now, referring to section 2.2,
0
assuming the process is stationary, qi,i+1
= (µ1 + λ−
1 )πi+1 /πi . Hence Condition 3
holds if and only if πi+1 /πi is constant, i.e. πi = ρi π0 for all i ≥ 0 and some ρ < 1.
In other words, we require a geometric equilibrium probability distribution for
the local state space probabilities. Generalised (non-unit) departures are handled
in exactly the same way, with no further complications, since the reversed rates
are calculated directly.
This result applies to networks with an arbitrary number of nodes of this
type, cf. section 3.5. Of course, the special cases of regular Jackson networks [19]
and G-networks [5] are known to satisfy the above required property, but these
networks are not unique in this.
3.4.1

Networks with reset queues

Consider a stationary generalised queue in which
r1;i+1,j = δi,j
r1;0j = πj

(i, j ≥ 0)
(j ≥ 0)

where πj is the equilibrium probability for state j ≥ 0. Then it can be shown,
for example by direct solution of the balance equations, that
πj = (1 − ρ1 )ρj1
+
where ρ1 = λ+
1 /µ1 and λ1 is the external (positive) arrival rate. The ‘arrival’
transitions from states i + 1 to i are regular negative arrivals, with rate ν, say,
as considered above, and those from 0 to j have rate νπj (total reset rate also
ν). Notice that the equilibrium probabilities are independent of the negative
arrival rate ν. Queues similar to this were considered by Gelenbe and Fourneau
in [8], where the authors called this particular type of negative arrival in state
0 a reset since it ‘resets the queue to its steady state’, rather than having no
effect. Considering this queue as passive in a cooperation with triggers at another
queue, the cooperation set has just one type, a say, for the active triggers and the
passive negative arrivals and resets. It is clear that Conditions 1 and 2 of RCAT
are satisfied, as is Condition 3 when the active queue-component is a G-queue of
the kind already defined.
If the queue with resets can participate in a cooperation as the active component, Condition 3 does not hold in the above specification since the reversed
0
rate on the reset-transitions are qj,0
= νπj π0 /πj = (1 − ρ1 )ν, where ν denotes the
negative arrival rate. However, the reversed rate of the negative arrivals at states
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0
i > 0 is qi,i+1
ν/(ν + µ1 ) = (ν + µ1 )(πi+1 /πi )ν/(ν + µ1 ) = ρ1 ν, which is only equal
to the reversed reset rate when ρ1 = 21 . Fortunately, when the queue is an active
component, we can relabel the reset action types to b.4 Condition 2 is preserved,
since every state has incoming actions of both types, and Condition 3 is satisfied
since the reversed rates of both action types are constant, as just shown. Resets therefore preserve a product-form solution in G-networks. Moreover, there
are other Markov processes with geometric stationary state probability distributions that similarly yield product-form solutions in networks through RCAT.
One example is G-networks with batch removal of customers by a negative arrival,
introduced in [7] and considered further in section 4.3.

ν
c = a+b (negative trigger)
b (reset)
λ

µ1

p

r

d (departure)

1−p

µ2
1−r

a (positive trigger)

Figure 3: Active and passive cooperating resets
As an example of resets, consider the two-queue network shown in fig. 3.
Queue 1 has external positive arrivals at rate λ, external negative arrivals at rate
ν, service rate µ1 and resets. Its service completions go to queue 2 as positive
arrivals, with action-type d, its triggered departures (at non-zero queue lengths)
go to queue 2 as positive arrivals, with action-type a, and its resets (at zero queue
length) synchronise with negative arrivals at queue 2, with action-type b. Queue
2 does not have resets and its departures go to queue 1 as negative arrivals with
probability p (action-type c) or leave the network with probability 1 − p. The
negative arrivals synchronise with both triggers and resets at queue 1 and we
indicate this by c = a + b in the figure.
First consider the case p = 0, i.e. when there is no feedback. The synchronisation is over the cooperation set {a, b, d}, in which queue 1 is active and queue 2
is passive for all action types. Applying RCAT to the reset-queue defined above,
we obtain:
xd = ρ 1 µ 1
4

We cannot do this when the queue is passive since each trigger with type a in the active
queue would have to be replaced by a pair with types a and b. To satisfy Condition 1, in the
passive queue, invisible actions of type b would have to be introduced at every state i > 0.
But then, the triggers b in the active queue would proceed without causing a transition in the
(non-empty) passive queue.
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xa = ρ 1 ν
xb = (1 − ρ1 )ν
where ρ1 = λ/µ1 . The product-form solution may be obtained by taking a
forward path from the reference state (0,0) following external arrivals in the first
(queue 1) dimension and external arrivals in the reversed process in the second
(queue 2) dimension.5 We obtain πij = (1 − ρ1 )(1 − y)ρi1 y j where
y=

(ν + µ1 )ρ1
xa + x d
=
µ2 + x b
µ2 + (1 − ρ1 )ν

.
When p > 0, there are two kinds of cooperations. As for the case p = 0, the
first has cooperation subset {a, b, d}, with queue 1 active and queue 2 passive.
The second has cooperation subset {c}, with queue 2 active and queue 1 passive.
When resets occur at queue 1, chains of synchronisations between action types c
and b may ensue. A departure (type c) from queue 2 that finds queue 1 empty
causes a reset (type b), which causes a second departure from queue 2 (if not
empty). With probability p, this will generate a trigger at queue 1 if the reset
previously resulted in a non-empty queue (with probability ρ1 ) and another reset
otherwise. In the latter case, there may be a further departure from queue 2 and
so on.
Notice that in the second type of cooperation (queue 2 active), action type a
is considered equal to action type b in queue 1. This is not a problem mathematically and will cause us no trouble, but there are complications in the relabelling
required by an implementation. This is because in the second cooperation, b
would be relabelled to a, giving no actions with type b in the result. To then
compute the first cooperation would require the relabelling to be reversed.
Applying RCAT to the reset-queue, this time we obtain:
xd = ρ 1 µ 1
xa = ρ1 (xc + ν)
xb = (1 − ρ1 )(xc + ν)
pµ2 (xa + xd )
xc =
µ2 + x b
where ρ1 = λ/µ1 , with product-form solution πij = (1 − ρ1 )(1 − y)ρi1 y j where,
considering external departure arcs in dimension 2,
y=

xc
xa + x d
(1 − p)xc
=
=
p(1 − p)µ2
pµ2
µ2 + x b

5

In a cooperation of m ≥ 2 processes, by the argument of section 2.2, we can choose the
path from the reference state 0 in either the forward or reversed direction independently in each
0
Q
Q
Qj−1 qk;i,i+1
qk;i,i+1
= j−1
dimension, i.e. πj = π0 m
i=0 qk;i+1,i .
k=1 ψk where ψk =
i=0 q 0
k;i+1,i
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Solving for xc , we obtain
xc =

pµ2 ρ1 (µ1 + ν + xc )
µ2 + (1 − ρ1 )(ν + xc )

This leads to the following quadratic equation for y:
(1 − ρ1 )pµ2 y 2 + (µ2 + (1 − ρ1 )ν − ρ1 pµ2 )y − (λ + ρ1 ν) = 0
This has one positive and one negative root and the product-form is given by the
positive root.
Now suppose that the negative arrivals at queue 2, action type b, are negative
triggers that create a negative arrival at queue 1 with probability r when queue
2 is non-empty. With probability 1 − r a customer at queue 2 (if any) leaves the
network. There is no effect if queue 2 is empty, but we could include resets at
queue 2, handled in the same way as those at queue 1. Only the equation for xc
needs to be modified, giving:
xc =

(xa + xd )(pµ2 + rxb )
µ2 + x b

where xa , xb , xd , ρ1 are defined as above. The product-form solution is now: πij =
(1 − ρ1 )(1 − y)ρi1 y j where, again considering external departure arcs in dimension
2,
xa + x d
µ2 (1 − p)(xa + xd )
=
y=
(µ2 + xb )µ2 (1 − p)
µ2 + x b
Solving for xc , we obtain the quadratic:
xc =

(λ + ρ1 (ν + xc ))(µ2 p + r(1 − ρ1 )(ν + xc ))
µ2 + (1 − ρ1 )(ν + xc )

which has exactly one positive root. The value for y then follows via
xc =

µ2 p + rν(1 − ρ1 ))y
1 − (1 − ρ1 )ry

This is a complicated network and the high relative complexity of the direct solution method can be seen by inspecting the balance equations listed in Appendix
C.
Finally, it is interesting to observe that, if a generalised queue does not cooperate actively with another, it does not violate Condition 3. Hence, assuming
the other queues satisfy it, there is still a product-form regardless of the choice
of r1;ij . This is not entirely surprising since such a queue would then be largely
detached from the rest of the network, acting as a kind of sink.
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3.4.2

Gelenbe and Fourneau’s resets

The reset queue of Gelenbe and Fourneau [8] does not allow a reset to result
in state 0, i.e. the invisible transition on state zero is excluded, in contrast to
our analysis of the previous subsection6 . Also, they have no negative triggers
and their resets cannot cooperate actively. This is a much simpler system to
deal with since no chains of cooperations occur with length greater than 3; this
happens when a negative service completion generates a (positive) trigger to a
third queue. The reset queue 1 is now defined by
r1;i+1,j = δi,j (i, j ≥ 0)
r1;0j = πj0 /(1 − π00 ) (j > 0)
where πj0 is the equilibrium probability for state j ≥ 0. Then we have
πj0 = (1 − ρ01 )ρ0j1
0
0
where ρ01 = (λ+
1 +ν )/(µ1 +ν) and ν, ν are the negative arrival rates at positive and
zero queue lengths respectively.7 RCAT’s conditions are obviously still satisfied
and we obtain

λ + xc + ν
µ1
µ1 + x c + ν
λ + xc + ν
=
(xc + ν)
µ1 + x c + ν
= p(xa + xd )

xd =
xa
xc

There is no xb term since resets at queue 1 are not active and so there are
no negative arrivals at queue 2. Obviously we could accomodate more general
transitions whereby service completions at queue i could yield positive or negative
arrivals at the other (or same) queue j (i, j = 1, 2). This will be considered
further in the next section. We could also specify that, for example, external
negative arrivals at queue 1 only have an effect on an empty queue, causing a
reset, and that internal negative arrivals from queue 2 (type c) only act on a
non-empty queue 1. At the same time, we could consider triggers from queue 1
to cause negative arrivals at queue 2. Then we would obtain:
xd =

λ+ν
µ1
µ1 + x c

6
In Gelenbe and Fourneau’s model, a reset coming to node j from node i is ‘enabled’ with
probability βij , and disabled, leaving the queue empty, with probability 1 − βij . However, an
enabled reset always leads to a positive queue length. Thus, for example, if βij = 1, a reset
always causes a change of state at node j, whereas in our model queue j remains in the empty
state with probability π0 .
7
In the previous, corresponding reset queue with transitions from state 0 to 0, we obtain
0
ρ1 = λ+
1 /(µ1 + ν − ν ).
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λ+ν
xc
µ1 + x c
pµ2
=
xd
µ2 + x a

xa =
xc

In the Gelenbe-Fourneau networks, there is a problem with introducing active
resets. This is because condition 2 of RCAT is not satisfied since there is no
incoming action of type b to state 0 in the active queue 1. To include an invisible
one would be tantamount to reverting to the reset semantics considered above.

3.5

Generalised G-networks

The reversed process of an arbitrary G-network with positive and negative triggers and generalised resets follows directly from RCAT by induction on the number of nodes in the network. The product-form solution for the network’s equilibrium state probabilities then follows directly from equation 1 in section 2.2.
Theorem 1 An M -node, ergodic, open or closed G-network with service rate µ i ,
−
external positive arrival rate λ+
i and external negative arrival rate λi at node
i (1 ≤ i ≤ M ), routing probability matrices P + and P − , standard triggering
probability matrices Q+ and Q− and reset-triggering probability matrices R + and
R− for positive and negative customers respectively, has equilibrium probability
for state k = (k1 , . . . , kM ):
πk ∝ yiki
where
yi =

vi+
,
µi + vi−

vi+
µi

for non-reset, reset nodes respectively and the visitation rates at each node i, v i+
and vi− , are the unique solution of the equations
vi+ = λ+
i +

X

y j µj p +
ji +

=

λ−
i

+

X
j

+
yj vj− qji
+

y j µj p −
ji

+

X

X

+
(1 − yj )∆j vj− rji

j

j

j

vi−

X

−
yj vj− qji

j

+

X

−
(1 − yj )∆j vj− rji

j

where ∆j = 1 if node j has resets and ∆j = 0 if not.
This theorem is the analogue of [8], but resets to state 0 are allowed and hence
chains of resets. To handle precisely that case, with no resets to state 0, we would
v + +v −
±
= 0 and define yi = µi +v−i for reset nodes i.
set the probabilities rij
i
i
As written, theorem 1 does not allow for a node j to accept a trigger or
reset from a node i with a specified probability αij , βij respectively, having no
effect with probabilities 1 − αij , 1 − βij . However, these are easily accomodated
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by adding passive invisible actions in the node-j process. For each node i, a
passive invisible action (with type the same as that of the passive triggers, a in
section 3.4.1) would be added at states n > 0 of the node j process, selected
with probability 1 − αij , and the existing passive trigger action (to state n − 1)
would be selected with probability αij . Similarly, passive invisible actions would
be added at state 0, selected with probability 1 − βij , and the existing passive
reset actions would be selected with probabilities scaled by a factor βij .
Notice that it is straightforward to generalise the theorem to certain locally
state-dependent service rates (subject to condition 3 of RCAT)8 . We could generalise G-networks further by allowing the destination of a trigger’s target task
(positive or negative) to depend on the trigger’s sending node as well as the node
it arrives at; indeed on its whole path up to the current node. The triggering matrix would then become a 3-dimensional array (in the former case). This would
make explicit construction of the reversed process prohibitive but RCAT would
still apply and yield separable equilibrium state probabilities.

4

Further product-forms

4.1

A fork-join network

Consider a fork-join network of M > 1 parallel servers, where tasks arrive and
spawn one sub-task into each of the servers’ queues; i.e. arrivals are synchronised.
The sub-tasks are processed independently and stored in a buffer associated with
their own server. Tasks are then reconstituted at certain instants by an asynchronous process that collects n sub-tasks from each of the M buffers, where n
is equal to the minimum buffer occupancy, i.e. at least one buffer is left empty.
Such a system is known not to be separable but we use RCAT to find productform models that match this specification quite closely under certain conditions.
We first consider the output buffers and collecting process, and then look at
synchronised arrivals. Notice that arrivals are usually not exactly synchronised
in practice and the more critical issue is often the synchronisation in sub-task
collection.
4.1.1

A synchronised join-buffer

Consider an M -node network with positive arrivals and negative triggers circulating round-robin amongst the nodes. We consider the nodes to represent buffers,
as opposed to conventional queues, which are serviced at intervals by the negative
triggers only; i.e. there is no conventional service process. We therefore define
the following parameters for a G-network model, where i = 1, . . . , M :
8

This is harder than with Jackson’s theorem, where departures are not split in a statedependent way, there being no triggers

22

• µi = 0 for all i;
• P + = P − = 0, although this is arbitrary with our choice of µi ;
• Q+ = 0;
−
−
−
• qM
1 = qi,i+1 = u for i = 1, . . . , M − 1, qij = 0 otherwise;

The synchronised join-buffer is then approximated by taking u = 1. The only
discrepancy is that those queues in the round-robin cycle up to, but excluding,
the smallest will be reduced by one too many. Only if one of the queues with the
least length is the one that received the external negative arrival to start the cycle
will the same (correct) number be removed from every queue. To balance the
removals across all the queues, external negative arrivals occur at every queue.
For u < 1, the removal process is attenuated in the sense that the total number
of removals is stochastically bound above by a geometric random variable with
parameter u.
With this approximation, we have a product-form from Theorem 1, given by
the following equations:
yi
vi+
vi−

vi+
= −
vi
= λ+
i
+
+
−
−
−
u = λ−
= λi + yi−1 vi−1
i + vi−1 u = λi + λi−1 u

where the subscript 0 is synonymous with M . Thus,
yi =

λ+
i
λ−
+
λ+
i
i−1 u

ki
giving a solution for the equilibrium state probability M
i=1 (1 − yi )yi for state
+
−
(k1 , . . . , kM ). Interestingly, this solution does not exist when λi ≥ λi + λ+
i−1 u for
−
any i, suggesting a stability condition. Obviously the system is stable if λ+
i < λi
−
+
for all i since λi is equivalent to a ‘service rate’. The term λi−1 u is the steady
state rate at which negative arrivals come from the previous queue in the roundrobin cycle. This is because, at equilibrium, every positive arrival will eventually
be cleared from queue i − 1, causing a negative trigger to pass to queue i with
probability u.
Even for two queues, the raw balance equations for the equilibrium probabilities are complex, involving unbounded transitions of geometric size. It is a
non-trivial task even to verify that a product-form solution exists, with several
special boundary cases to check. RCAT has provided a very simple, automated
solution to what is a quite complicated problem. It would provide a similar
solution if we added service rates at the queues.

Q
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4.1.2

Synchronised arrival processes

The fork component of a fork-join network comprises the spawning of sub-tasks
into each of M parallel queues on each arrival. Let queue i have constant service
rate µi , 1 ≤ i ≤ M , and the external arrival rate be λ. There are no negative
customers, triggers or resets, although it would be straightforward to include
these. We model this system by M parallel queues with external arrivals at
queue 1. The arrival process at queue 2 is passive, cooperating with the active
arrivals at queue 1. Similarly, arrivals at queue i + 1 are passive, cooperating
with synchronised arrivals at queues 1, . . . , i (1 ≤ i ≤ M − 1).
The PEPA specification of this system, starting arbitrarily in the state with
all queues empty, is the following, where Pi (n) denotes queue i = 1, 2, . . . , M at
length n ≥ 0:
 P2 (0) 
 ... 
 PM (0)
S = P1 (0) 
{a}
{a}
{a}
where
P1 (n) = (a, λ).P1 (n + 1)
Pi+1 (n) = (a, >).Pi+1 (n + 1) (1 ≤ i ≤ M − 1)
Pi (n + 1) = (di , µi ).Pi (n)
(1 ≤ i ≤ M )
Notice that action type a is active in the left component of the multiple cooperation, passive in the others.
Conditions 1 and 2 of proposition 1 are not satisfied since state 0 has no
incoming instance of action type a in queues 1, . . . , M − 1. However, we can
proceed analogously to our treatment of negative arrivals to an empty queue and
introduce invisible actions with type a on the empty states of queues 1, . . . , M −1
(active in the case of queue 1, passive for the others). The rate xa of a in queue i
is µi and so, to secure Condition 3 of RCAT, we set the rate of the active invisible
action a in the forward queue 1 to µ1 . This is because invisible actions are selfreversing (have equal forward and reversed rates, by Kolmogorov’s criteria [11]).
This gives the following new definition of Pi (n):
P1 (n)
Pi+1 (n)
Pi (n + 1)
P1 (0)
Pi (0)

=
=
=
=
=

(a, λ).P1 (n + 1)
(a, >).Pi+1 (n + 1) (1 ≤ i ≤ M − 1)
(di , µi ).Pi (n)
(1 ≤ i ≤ M )
(a, µ1 ).P1 (0)
(a, >).Pi (0)
(2 ≤ i ≤ M )

All the conditions of proposition 1 now hold and RCAT can be applied repeatedly.
But the difference between this and our previous use of invisible actions to handle
negative arrivals to an empty queue is that here the added forward, invisible
actions are active. They therefore modify the forward process, which is now not
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quite what we set out to model! In it, the arrivals are indeed synchronised, but the
arrival rate at queue 1 is λ, at queue 2 is λ when queue 1 is non-empty and λ + µ1
when queue 1 is empty, at queue 3 is λ when queues 1 and 2 are both non-empty,
λ+µ1 when queue 1 is empty but queue 2 is not, etc. In general, the instantaneous
arrival rate to queue i is λ plus the sum of the service rates µj of all servers j < i
with empty queues. The arrivals at rate λ are properly synchronised, but there
are additional arrivals (also synchronised) to each server from lower numbered
servers. Whilst not the original problem, it is still instructive to apply RCAT.
For M = 2, RCAT gives xa = µ1 , so the arrival rate in the reversed process
of queue 2 is µ1 . The arrival rate in the reversed process of queue 1 is λ. The
product-form solution is then obtained from equation 1 in section 2.2 by taking a
path in the reversed process from the reference state (0, 0), along the queue 1 axis
(following arrivals in the reversed process) to (i, 0) and similarly up the queue
2 axis to (i, j), retracing the path backwards to (0, 0) in the forward process,
following service completions. The forward service rates are µ1 and µ2 ; the corresponding reversed arrival rates are λ and µ1 , as per above. The product-form
is therefore
!i
!j
µ1
λ
πij ∝
µ1
µ2
In the reversed M -queue process, the arrival rate at queue i (rate on the
reverse of the departure arc in the forward process) is µi−1 for 2 ≤ i ≤ M
and λ for i = 1. We prove this by induction on M ; for M = 2, we proved it
above. By proposition 1, we can apply RCAT to the cooperation between the
(m − 1)-queue process, comprising the set of (cooperating) queues 1 to m − 1,
and queue m, 3 ≤ m ≤ M . In the reversed (m − 1)-queue process, the reverse
arcs of the (forward) arrivals at queue m − 1 have rate µm−1 , because queue
m − 1, which cooperates with an (m − 2)-queue process, is reversible. Thus, in
the cooperation with queue m, we set xa = µm−1 , which then implies that the
arrival rate to reversed queue m is µm−1 , again by reversibility. The arrival rates
to queues 1, . . . , m − 1 in the m-queue reversed process are unchanged from the
(m − 1)-queue reversed process and the claim is proved.
In the forward process, the service rate of each queue j is µj and hence we
obtain the product-form
πk ∝

λ
µ1

! k1

M
Y

i=2

µi−1
µi

!ki

by following a path along each dimension 1, . . . , M successively (as above for
M = 2) from reference state (0, . . . , 0) to general state (k1 , . . . , kM ) in the reversed
process, and back in the forward process.
For our modified process to have a steady state, the service rates of the queues
must increase strictly monotonically with their index. The addition of invisible transitions, necessary to secure a product-form, essentially implies that each
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queue feeds the next to its full capacity. Suppose we choose µi = µi−1 /ρi for
2 ≤ i ≤ M , where ρi = λ/µi < 1. Then we obtain
πk ∝

M
Y

ρki i

i=1

This is the product-form solution we would obtain if the M queues received
independent Poisson arrivals at rate λ. However, to achieve this, with the extra
traffic generated by the invisible actions, we had to increase the service rates at
all but one of the queues. Nevertheless, the result provides a useful bounding
approximation. Supposing that µi = µ for all i, at high loads, λ ≈ µ, queues
will rarely be idle and so the invisible transitions will have little effect. The
system then approaches a separable, quasi-independent set of queues. This result
provides some quantitative explanation for this plausible property.
4.1.3

Chains of positive triggers

The synchronisation of arrivals developed above can equally well be applied to
positive arrivals in general queueing networks, giving the positive trigger analogue
to the multiple negative triggers considered in section 3.2. Positive triggers were
considered in [3], where also an exact product-form could not be found. However,
a product-form bound was given on the joint (complementary) cumulative queue
length distribution by comparing the network with one that had extra transitions,
which satisfied certain quasi-reversibility constraints. The proof of this bound is
by a routine sample path analysis and was omitted.
Here, we have a corresponding situation. In order to obtain a product-form
solution, we introduced (active) invisible transitions at empty queue states of the
source nodes, i say, with rate equal to the reversed rate of the arrival action, i.e.
µi . These create additional arrivals at the synchronising (passive) nodes, with
rate (1 − ρi )µi = µi − λ and give a product-form solution when equilibrium is
preserved. Comparing sample paths in the original network, with state-vector
~ and in the one modified with the invisible transitions, with
random variable E,
~ , we have, componentwise, E
~ ≤M
~ so that P (E
~ ≥
state-vector random variable M
~ ≥ x). Hence, as in [3], the exact stationary distribution of E
~ is
x) ≤ P (M
~ , i.e.
stochastically dominated by the (product-form) distribution of M
~ ≥ x) ≤
P (E

M
Y

x

ρj j

i=1

4.2

A queueing network with batches

Separable queueing networks with batch arrivals are more problematic. To see
this in the context of RCAT, consider the reversed process of an M B /M/1 queue,
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where M B denotes a Poisson point process of batch arrivals with batch-size probability mass function having generating function B(z). The equilibrium queue
length probability generating function (pgf) of this queue, with (batch) arrival
rate λ and service rate µ, is, (see, e.g. [15]):
Π(z) =

π0 (1 − z)
ρz(B(z) − 1) + 1 − z

where ρ = λ/µ. Suppose that batches are geometric, having size n ≥ 1 with
probability bn = (1 − α)αn−1 . Then
B(z) =

(1 − α)z
1 − αz

and so, after some simplification,
Π(z) =

(1 − αz)π0
1 − (α + ρ)z

from which we find (the coefficient of z n ), for n ≥ 1,
πn = π0 ρ(α + ρ)n−1

(4)

0
In the reversed process, the reversed rates of the service completions, qi,i+1
say,
are:
πi+1
0
µ = (α + ρ)µ = λ + αµ (i > 0)
qi,i+1
=
πi
π0 ρ
0
q0,1
=
µ =λ
π0

Thus, in a cooperation where this queue’s departure actions, a say, synchronise
with passive ‘arrival’ actions in another process (e.g. a queue), RCAT’s condition
3 is not satisfied since the reversed rate of the active (departure) action a is not
constant. Consequently, if a network of queues contains a node with batch arrivals
such as this, RCAT cannot find a reversed process. Direct analysis of the balance
equations confirms that a tandem network comprising this M B /M/1 queue and
an M/M/1 queue does not have a product-form.
However, here it is only in state 0 of the reversed process that a has a different
rate from its rates in all other states. This suggests that we consider a modified
M B /M/1 queue with (point) arrival rate λ0 in state 0 and all other parameters
unchanged. At equilibrium, this queue has balance equations
π0 λ 0 = π 1 µ
πi (λ + µ) = πi+1 µ +

i−1
X

πj λbi−j + π0 λ0 bi

j=1
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(i ≥ 1)

Multiplying the equation for πi by z i and summing from i = 0 to ∞ yields the
following queue length pgf (after some algebra):
Π(z) =

π0 (1 + (ρ − ρ0 )zB(z) − (1 + ρ − ρ0 )z)
ρz(B(z) − 1) + 1 − z

where ρ0 = λ0 /µ, which simplifies (for the geometric batches) to:
Π(z) =

(1 − (ρ − ρ0 + α)z)π0
1 − (α + ρ)z

The coefficient of z n is now πn = π0 ρ0 (α + ρ)n−1 for n ≥ 1 and we obtain the
reversed rates:
0
qi,i+1
= (α + ρ)µ = λ + αµ (i > 0)
0
q0,1 = λ0

(Notice that a simple argument using Kolmogorov’s citeria shows that changing
just λ0 will have no effect on the reversed rates amongst states i > 0. This is
essentially because the original reversed rates will still preserve the total outgoing
rate from each state and no minimal cycle includes the changed rate λ0 .)
We therefore have the following result.
Proposition 2 The M B /M/1 queue with geometrically batched arrivals, defined
above, preserves the product-form in a network if it receives an additional external
arrival stream when empty with the same batch size distribution and rate equal to
αµ, the product of its service rate and the batch size parameter.
The proof is by direct appeal to RCAT.
In fact a more general result holds which we deal with in section 4.4: batch
sizes do not have to be geometric, provided those arriving at empty and nonempty queues can have different probability mass functions, and service completions can also cause batch departures.

λ

α1µ1

µ1

µ2

µ3

α2µ2

Figure 4: Network with batch arrivals
Consider, for example, the network with geometric batch arrivals shown in
fig. 4, where the external arrivals with rates αi µi (i = 1, 2) only exist when
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queue i is empty (is in state 0) and the arrivals with rate λ to queue 1 occur
in all states. Let the synchronising departure action types from queues 1, 2, 3
be a, b, c respectively. First, omitting the feedback (type c) represented by the
dotted lines, in RCAT terminology, xa = λ + α1 µ1 and xb = xa + α2 µ2 . This gives
the product-form for state (i, j, k):
πijk =

λ + α 1 µ1
µ1

!i

λ + α 1 µ1 + α 2 µ2
µ2

!j

λ + α 1 µ1 + α 2 µ2
µ3

!k

If we include the feedback, selected by departures from node 3 with probabilty
p, we obtain instead xa = λ + xc + α1 µ1 , xb = xa + α2 µ2 and xc = pxb , so
that xa = (λ + pα2 µ2 + α1 µ1 )/(1 − p), giving xb , xc and product form πijk =
(xa /µ1 )i (xb /µ2 )j (xb /µ3 )k .
Notice that a batched arrival queue without the additional external arrival
stream does not violate RCAT (specifically Condition 3) if it does not synchronise
actively, whereupon a product-form for the whole network still exists, equation 4
giving the factor associated with this particular queue. For example, the network
shown in fig. 5 has (unnormalised) equilibrium probability for state (i, j):
πij =

xa
µ1

!i

xa + α 2 µ 2
µ2

!j

πi0 =

xa
µ1

!i 

xa + α 2 µ 2
xa



λ

µ1

(i ≥ 0, j > 0)
(i ≥ 0)

µ2

α1µ1

Figure 5: Tandem network with batch arrivals and unmodified queue

4.3

Batch removals

A single G-queue in which negative arrivals remove a batch of customers also has
a geometric queue length probability distribution at equilibrium, for any batch
size probability mass function. For a more complete treatment of this result, the
reader is referred to [7]; below we just state it and apply it in networks with batch
transfers. The solution is given by that of the M/M C /1 queue, with (positive)
arrival rate λ, service rate µ and batch size probability mass function ci (i ≥ 1)
with generating function C(z). Service completions at queue length j remove
P
the whole queue with probability ∞
i=j ci , i.e. batch sizes greater than the queue
length result in an empty queue. It can be shown that, when equilibrium exists,
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the queue has length n with probabililty (1 − ξ)ξ n where ξ is the solution of the
non-linear equation
λ = ξ[λ + µ(1 − C(ξ))]
with 0 < ξ < 1.
Such a G-queue with passive batch removals out of the network (either due
to triggers or service completions) therefore preserves the separable solution in
a G-network since the reversed rates of its active cooperating actions (not batch
removals) will be constant, by virtue of the geometric equilibrium queue length
distribution, validating condition 3. The other conditions of RCAT are the same
as with single removals. This is the result of [7]. However, if the removals
are transfers to another queue, as opposed to out of the network, the removal
actions are active in the cooperation with the said other queue. The rate of the
reversed action of an action type aj that removes j customers is easily seen to
0
0
be: qn,n+j
= µcj ξ j at queue length n > 0 and q0,j
= µCj ξ j where we define
P∞
Cj = k=j ck . These are not the same and so condition 3 of RCAT does not
hold, although the other two do for all actions aj .
We can secure condition 3 by allocating action type aj out of each state j > 0
only to batch sizes equal to j. Batches of size greater than j will also lead to
state 0 but not participate in the cooperation with another queue; they depart
the network. This is the ‘assembly-transfer network’ of Chapter 8 of [3], which is
given the interpretation that the cooperating actions aj are ‘full batches’ and the
others are ‘partial batches’, which are discarded in an assembly line. RCAT then
holds in a cooperation with any node that has a geometric equilibrium queue
length probability distribution when it receives batch arrivals with probability
mass function bj = µcj ξ j (j ≥ 1) at all queue lengths. Such nodes are considered
in the next subsection.
In chapter 7 of [3], it is shown that if all batch transfers cause a unit arrival
in the cooperating queue, a product-form exists. In our analysis, this follows
since, applying RCAT, the cooperating queue receives net arrivals at constant
P
P∞
j
rate ∞
j=1 xaj =
j=1 µcj ξ in all states and so has the usual M/M/1 factor in
the product-form.

4.4

Arbitrary batch input and output

Consider now a more general queue with batches. Suppose one arrival stream
has rate λ and batch size with pgf B(z) at all queue lengths n ≥ 0. In addition,
suppose there is another arrival stream to an empty queue only, n = 0, with rate
λ0 and batch size pgf B0 (z). Let the service rate be µ in all non-empty states,
with departures having batch size pgf C(z).
Proposition 3 The above queue with batches has geometrically distributed equilibrium queue length probabilities with parameter x < 1, πn = (1−x)xn for n ≥ 0,
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if
λ(1 − η(x))
η(x)(1 − x)
"
#"
#
(1 − x)z 1 − η(x)B(z)/z
B0 (z) =
1 − xz
1 − η(x)

(5)

λ0 =

where
η(x) =

(6)

λ
<1
[λ + µ(1 − C(x))]x

.
Proof
At equilibrium, the queue has balance equations
(λ + µ)πi = λ
(λ + λ0 )π0 = µ

i
X

j=1
∞
X

bj πi−j + λ0 π0 b0i + µ

∞
X

cj πi+j

(i ≥ 1)

(7)

j=1

C j πj

(8)

j=1

Multiplying equation 7 by z i and summing from i = 1 to ∞ leads to the following
equation for the pgf of the queue length, Π(z):
(λ + µ)(Π(z) − π0 ) = λB(z)Π(z) + λ0 π0 B0 (z) + µ

∞ X
∞
X

cj πi+j z i

i=1 j=1

For the required geometric queue length distribution, Π(z) = (1 − x)/(1 − xz),
π0 = 1 − x. Then we obtain:
[λ + µ(1 − C(x))]xz = λB(z) + λ0 B0 (z)(1 − xz)

(9)

At z = 1, this yields
µx(1 − C(x)) = (λ + λ0 )(1 − x)
and so
λ0 (1 − x) = λ/η(x) − λ
proving equation 5. (In fact this also follows from the redundant equation 8.)
Since λ > 0, η(x) < 1 for all x < 1.
Using equation 5 in equation 9 now gives (omitting the argument (x) from
η(x) for brevity):
λ(1 − η)(1 − xz)B0 (z) = (1 − x)η[zλ/η − λB(z)]
= (1 − x)zλ[1 − ηB(z)/z]
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♠

Given valid x, the arrival rate of the batch arrivals to an empty queue, λ0 ,
and the batch size pgf, B0 (z), are determined uniquely in terms of the queue’s
parameters λ, µ, B(z), C(z). The value of x is not unique, there being a different
λ0 , B0 for each valid value. It is interesting to note that the resets of section 3.4.2
are a special case of this observation; take B(z) = C(z) = z giving λ0 = xµ −
λ, B0 (z) = (1 − x)z/(1 − xz). Reset-jumps must be geometric to keep a productform. We have the following constraint on the range of valid x.
Proposition 4

λ(B(x−1 ) − 1) ≤ µ(1 − C(x)) when B(x−1 ) exists.

Proof
For i ≥ 1, the coefficient of z i in the series expansion of B0 (z) is
b0i





i
X
1 − x  i−1
=
x −η
bj xi−j 
1−η
j=1





i
X
(1 − x)xi  −1
x −η
bj x−j 
=
1−η
j=1

−j
For b0i to be non-negative for all i ≥ 1, we require x−1 ≥ η ∞
and the
j=1 bj x
−1
summation to exist. Hence we require B(x ) ≤ 1/(ηx) = 1+µ(1−C(x))/λ . ♠

P

Comments
1. B(x−1 ) does not exist for all pgfs B and all x < 1. For example, if B
is the pgf of a geometric random variable with parameter α, i.e. B(z) =
(1 − α)/(1 − αz), B(x−1 ) does not exist for x ≤ α.
2. B(x−1 ) does exist for all discrete random variables defined on a finite sample
space and, for some values of x < 1, for those defined on an infinite sample
space with continuous pgfs. In the above geometric case, for example,
B(x−1 ) exists for x > α.
Proposition 5 x0 < x < 1 where x0 is the unique solution of the equation
λ(B(x−1 ) − 1) = µ(1 − C(x)) for continuous pgfs B and C, when B(x−1 ) exists.
Proof
Define the function F (x) = λ(B(x−1 ) − 1) − µ(1 − C(x)), so we are seeking
solutions of F (x) = 0. One solution is x = 1 since B(1) = C(1) = 1.
As positive x → 0, F (x) → +∞ since B(y) → ∞ as y → ∞. The derivative
F 0 (x) = −λB 0 (x−1 )x−2 + µC 0 (x), and so F 0 (1) = −λmB + µmC , where mB , mC
are the mean arrival and service batch sizes respectively. Thus, for equilibrium
to exist, F 0 (1) > 0 and so a solution to F (x) = 0 exists in (0, 1) by continuity.
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But F 00 (x) = λB 00 (x−1 )x−4 + 2λB 0 (x−1 )x−3 + µC 00 (x) > 0 since the derivatives
of pgfs are non-negative at all non-negative arguments. Hence the solution x0 is
unique.
Finally, since F 0 (x0 ) must be negative, F (x) < 0 for x0 < x < 1, satisfying
proposition 4.
♠
We now return to our treatment of geometric batch sizes in section 4.2 and
show that if the extra arrival batch sizes in state 0 are to be distributed as the
given arrival batch sizes at all queue lengths, both must be geometric.
Proposition 6 B0 = B implies both B0 and B are the pgfs of geometric random
variables with parameter x − λ(1 − x)/(µ(1 − C(x)).
Proof
When B0 = B, equation 6 gives
(1 − η)(1 − xz)B(z) = (1 − x)z − (1 − x)ηB(z)
so that
B(z) =
where α =

(1 − x)z
αz
(1 − x)z
=
=
(1 − η)(1 − xz) + (1 − x)η
(1 − ηx) − (1 − η)xz
1 − αz
(1−η)x
1−ηx

=x−

1−x
(ηx)−1 −1

and the result follows.

♠

The equation for α determines x and hence λ0 , so the arrival rate of the additional batches is also determined. Notice that when departures are not batched,
we have C(x) = x and α = x − λ/µ, i.e. x = α + ρ in the product-form solution,
ρ
as in section 4.2. Then η(x) = (α+ρ)(1−α)
so that λ0 = αµ by equation 5.
Having estalished these geometric equilibrium queue length probability mass
functions for single queues with both input and output batches, RCAT can be
applied and, for each network specification, will supply a product-form solution
together with the required batch arrival processes to empty queues. These depend
on the internal arrival rates, which are given by the reversed rates xa of RCAT. We
call a node in a network with internal or external batched arrivals a batch-node.
Theorem 2 A G-network of the kind defined in theorem 1, with batch transfers,
has product-form joint queue length probabilities at equilibrium given by RCAT,
assuming a solution exists to the equations for the rates xa , when additional
external batched arrivals are introduced to empty queues of batch-nodes. The rate
and batch size pgf of each additional arrival stream is given by proposition 3, such
that each batch-node, considered in isolation, has geometrically distributed queue
length at equilibrium, with correspondingly given parameter.
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Proof
Condition 3 of RCAT holds since each reversed rate xa is constant over instances
of a by construction. The other conditions are satisfied since all the passive
actions are arrivals in both the forward and reversed processes, using invisible
actions at empty queues to ensure negative arrivals have no effect on a non-reset
queue. Finally, a solution exists for the quantities xa by hypothesis; the reversed
process can therefore be computed and hence the product-form. ♠
The existence of solutions for the xa is not considered here, but typically this
can be established by Brouwer’s theorem, as in [10], for example. It is an open
question to establish the existence of solutions in general for RCAT.
By proposition 1, chains of these queues can be linked by negative triggers so
that we can model multiple batch transfers in a queueing network without further
effort using this approach in a mechanised way – ultimately by computer. Chapter
8 of [3] gives explicit product-forms for many such networks and the required
definitions of parameters. As in section 4.1.3, the product-form obtained gives
a stochastic bound on the exact equilibrium state probabilities since the extra
arrivals cannot decrease queue lengths on sample paths. Consequently it makes
sense to choose x so as to give the least additional per-customer arrival rate to
empty queues in order to get the tightest bound.

5

Conclusion

The use of Markovian Process Algebra and the Reversed Compound Agent Theorem of [11] introduces a new, compositional methodology for deriving the equilibrium state probabilities in separable Markov processes. This approach does
not require balance equations to be solved but instead determines the reversed
process whence a simple, separable solution ensues. The origins of RCAT and the
methodology based on it lie in a combination of MPA and the theory of reversed
stationary Markov processes. In this paper, the domain of application of RCAT
has been extended to account for sequences of process-transitions caused by a
single action.
The RCAT-based methodology derives many product-forms, known and possibly unknown, in a uniform way. This is exemplified here by the derivation, from
the same theorem, of the product-form solutions for interacting systems that include G-networks, with triggers and generalised resets, as well as networks with
particular kinds of batch transfers. Indeed, prior to the advent of G-networks
around 1989 [5], many believed that partial balance was a necessary condition
for a product-form. Significantly, there is no difference in the RCAT approach:
negative customers satisfy the same conditions (with respect to different action
types) as do positive ones.
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In fact other well-known product-forms, e.g. in ‘Boucherie’ networks with
competition for resources, also follow immediately from a generalisation of RCAT [13].
Specifically, this generalisation relaxes the first two conditions relating to the
enablement of synchronising actions. Interestingly, there have been several occasions when the author has applied RCAT to a stochastic network and found
a significant product-form he believed to be new, only to discover subsequently
it had been derived already by a more direct method! Whether or not the one
for generalised resets, for example, is new, the routine way in which they are all
derived here demonstrates the power of the methodology.
Although Jackson’s theorem [19] follows immediately from RCAT, as shown
in [11], the BCMP theorem [1] is more complicated, involving both other queueing
disciplines than FCFS and multiple classes. It is shown how to derive the single
class version of the BCMP theorem [1] using the extended RCAT in [13]. The
crux of this work is the representation of processor sharing (PS) and last-comefirst-served (LCFS) queues with Coxian service times and finding their individual
product-form solutions using RCAT. Multiple class networks are a straightforward extension since each class has its own synchronising action types, which
separately satisfy the conditions of RCAT. Note that FCFS nodes do not thus
admit multiple classes in a product-form solution, a fact long established. This is
unsurprising in the RCAT approach since it would involve a complex model of a
single FCFS multi-class queue, the class of any task in service being crucial to the
analysis. We therefore expect to be able to use the methodology presented here
to derive, analogously to the method of [13] for a single class, the BCMP result
for multi-class queueing networks as well as corresponding results for multi-class
G-networks [4, 9]. In fact for G-networks, the cited works make certain restrictions to make the analysis tractable and it may be possible to generalise using
the simpler compositional approach.
The principal advantage of the RCAT-based methodology is its potential for
mechanisation and symbolic implementation; this comes from the compositional
approach. By incorporating it into a suitable support environment – possibly, but
not necessarily, for process algebras – the derivation of many product-form theorems could be automated and new ones derived in a unified stochastic modelling
framework.

Appendix A: Reversed Compound Agent Theorem (RCAT)
Let the subset of action types in a cooperation set L which are passive with
respect to a process P be denoted by PP (L) and the subset of corresponding
active action types by AP (L) = L \ PP (L). Assuming that the set of outgoing
passive, and set of incoming active, synchronising actions in any state of each
component contains at most one of each type in L, the Reversed Compound
Agent Theorem of [11] states the following:
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Theorem 3 (Reversed Compound Agent)

Suppose that the cooperation P 
Q has a derivation graph with an irreducible
L
subgraph G. Given that
1. every passive action type in L is always enabled (i.e. enabled in all states
of the transition graph);
2. every reversed action of an active action type in L is always enabled;
3. every occurrence of a reversed action of an active action type in A P (L)
(respectively AQ (L)) has the same rate in P (respectively Q).


the reversed agent P 
Q, with derivation graph containing the reversed subgraph
L
G, is
 S{(a, qa ) ← (a, >) | a ∈ AQ(L)}
R{(a, pa ) ← (a, >) | a ∈ AP (L)} 
L
where
R = P {>a ← xa | a ∈ PP (L)}
S = Q{>a ← xa | a ∈ PQ (L)}
{xa } are the solutions (for {>a }) of the equations
>a = q a

a ∈ PP (L)

>a = p a

a ∈ PQ (L)

and pa (respectively qa ) is the symbolic rate of action type a in P (respectively
Q).

Appendix B: Balance equations in section 3.4.1
The balance equations for the equilibrium probabilities πij of the network of
section 3.4.1 are as follows:
(λ + ν + µ1 Ii>0 + µ2 Ij>0 )πij =
λπi−1,j Ii>0 + (µ1 + ν)πi+1,j−1 Ij>0 + µ2 (1 − p)πi,j+1 + µ2 pπi+1,j Ij>0
+νπi • (1 − r)

∞
X

π0k • π0,j+1+k r k + νπi+1, • rIj>0

k=0
∞
X

+µ2 pπi • (1 − r)

∞
X

π0k • π0,j+k r k

k=0

π0k • π0,j+2+k r k

k=0
∞
X

+νπi • (1 − Ij>0 )

+ µ2 pπi+1, • rIj>0

∞
X

π0k • π0,j+1+k r k

k=0
∞
X

π0k • π0,j+k r k + µ2 pπi • (1 − Ij>0 )

π0k • π0,j+1+k r k

k=0

k=0

where πi • is the marginal equilibrium probability that the length of queue 1 is
P
i ≥ 0, ∞
j=0 πij , and I is the indicator function.
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